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Abstract
We study the cohomology properties of the singular foliation F determined by an action
Φ: G×M →M where the abelian Lie group G preserves a riemannian metric on the compact
manifold M . More precisely, we prove that the basic intersection cohomology IH
∗
p
(M/F) is
finite dimensional and verifies the Poincare´ Duality. This duality includes two well-known
situations:
- Poincare´ Duality for basic cohomology (the action Φ is almost free).
- Poincare´ Duality for intersection cohomology (the group G is compact and connected).
This paper deals with an action Φ: G×M →M of an abelian Lie group on a compact manifold
M preserving a riemannian metric on it. The orbits of this action define a singular foliation F
on M . Putting together the orbits of the same dimension we get a stratification SF of M . This
structure is still very regular. The foliation F is in fact a conical foliation and we can define the
basic intersection cohomology IH
∗
p
(M/F) (cf. [13]). This invariant becomes the basic cohomology
H
∗
(M/F) when the action Φ is almost free, and the intersection cohomology IH∗
p
(M/G) when the
Lie group G is compact and connected (cf. [13]).
The aim of this work is to prove that this cohomology IH
∗
p
(M/F) is finite dimensional (cf.
Theorem 4.2.2) and verifies the Poincare´ Duality (cf. Theorem 4.3.6). This result generalizes [6],
for the almost free case. When G is compact and connected we find these results in [8].
The paper is organized as follows. In Section 1 we present the conical foliations. Section 2 is
devoted to the study of isometric actions and the induced foliations. For this kind of foliations we
can define the basic intersection cohomology. This is done in the Section 3. The main results of
the work are proved in the Section 4.
In the sequel M is a connected, second countable, Haussdorff, without boundary and smooth
(of class C∞) manifold of dimension m. All the maps are considered smooth unless something
else is indicated.
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1 Conical foliations
A singular foliation whose associated stratification is conical in the sense of Goresky-MacPherson
(cf. [8]) is just a conical foliation.
1.1 Singular foliations. A regular foliation on a manifoldM is a partition F ofM by connected
immersed submanifolds, called leaves, in such a way that each x ∈M possesses the following local
model:
(Rm,H)
where leaves are defined by {dx1 = · · · = dxp = 0}. We shall say that (Rm,H) is a simple foliation.
Notice that the leaves have the same dimension.
A singular foliation on a manifoldM is a partition F ofM by connected subsets, called leaves,
in such a way that each x ∈M possesses the following local model:
(Rm−n × Rn,H×K)
where (Rm−n,H) is a simple foliation and (Rn,K) is a singular foliation having the origin as an
unique 0-dimensional leaf. When n = 0 we just have a regular foliation. The above condition
is an empty one when x is an isolated 0-dimensional leaf. Notice that the leaves are connected
immersed submanifolds whose dimensions may vary . This local model is exactly the local model
of a foliation of Sussman [15] and Stefan [14]; so, these foliations are singular in our sense.
Classifying the points of M following the dimension of the leaves one gets a stratification SF
of M whose elements are called strata. The foliation is regular when this stratification has just
one stratum {M}.
A smooth map f : (M,F) → (M ′,F ′) between singular foliated manifolds is foliated if it
sends the leaves of F into the leaves of F ′. When f is an open foliated embedding then it
preserves the dimension of the leaves and therefore it sends the strata of M into the strata of M ′.
Examples, more properties and the singular version of the Frobenius theorem the reader can find
in [13, 1, 14, 15, 16].
1.1.1 Examples.
(a) In any open subset U ⊂M we have the singular foliation FU = {connected components of
L ∩ U / L ∈ F }. The associated stratification is SFU = {connected components of S ∩ U / S ∈
SF}.
(b) Consider (N,K) a connected regular foliated manifold. In the product N ×M we have
the singular foliation K × F = {L1 × L2 / L1 ∈ K, L2 ∈ F}. The associated stratification is
SK×F = {N × S / S ∈ SF}.
(c) Consider Sn−1 a sphere with positive dimension endowed with a singular foliation G without
0-dimensional leaves. Identify the disk Dn with the cone cSn−1 = Sn−1× [0, 1[ / Sn−1×{0} by the
map x 7→ [x/||x||, ||x||] where [u, t] is a generic element of the cone. We shall consider on Dn the
singular foliation
cG = {F × {t} / F ∈ G, t ∈]0, 1[} ∪ {ϑ},
where ϑ is the vertex [u, 0] of the cone. The induced stratification is
ScG = {S×]0, 1[ / S ∈ SG} ∪ {ϑ},
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since G does not possesses 0-dimensional leaves. For technical reasons we allow n to take the value
0; in this case Sn−1 = ∅ and cSn−1 = {ϑ}.
Same considerations apply to the ∞-cone c
∞
Sn−1 = Sn−1 × [0,∞[
/
Sn−1 × {0}. In particu-
lar, Rn = c
∞
Sn−1. Notice that the map f : (cSn−1, cG) → (c
∞
Sn−1, c
∞
G), defined by f [θ, t] =
[θ, tan(tpi/2)], is a foliated diffeomorphism.
The strata of a singular foliation are not necessarily manifolds and their relative position can
be very wild. Consider (R,F) where F is given by a vector field f ∂
∂t
; there are two kind of
strata. The connected components of f−1(R − {0}) and these of f−1(0). In other words, any
connected closed subset of R can be a stratum. In order to support an intersection cohomology,
the stratification SF asks for a certain amount of regularity and conicalicity (see [8] for the case
of stratified pseudomanifolds). This leads us to introduce the following definition.
1.2 Conical foliations. This definition is made by induction on the dimension ofM . A singular
foliation (M,F) is said to be a conical foliation if for any point x ∈ M we can find a foliated
diffeomorphism
ϕ : (Rm−n × cSn−1,H× cG) −→ (U,FU),
where
– U ⊂M is an open neighborhood of x,
– (Sn−1,G) is a conical foliation without 0-dimensional leaves, called link of x, and
– ϕ(0, ϑ) = x.
We shall say that (U, ϕ) is a conical chart of x. Notice that, if S is the stratum containing x then
ϕ−1(S ∩ U) = Rm−n × {ϑ}. A regular foliation can be considered as a conical foliation for which
the link is empty. If m = 1, a conical foliation has to be regular. If m = 2 a conical foliation is
either regular or it has leaves of dimension 0 and 1. The link of a singular leaf is S
1
with the one
leaf foliation. The typical example is given by the standard action of S
1
on R1.
We also say that (M × [0, 1[p,F × I), where I is the pointwise foliation of [0, 1[p, is a conical
foliated manifold.
Notice that each stratum is an embedded submanifold of M . Although a point x may have
several charts the integer n is an invariant: it is the codimension of the stratum containing x.
This integer cannot to be 1 since the conical foliation (Sn−1,G) has not 0-dimensional leaves.
The above local description implies some important facts about the stratification SF . Notice
for example that the family of strata is finite in the compact case and locally finite in the general
case. The closure S of a stratum S ∈ SF is a union of strata. Put S1  S2 if S1, S2 ∈ SF and
S1 ⊂ S2. This relation is an order relation and therefore (SF ,) is a poset.
The depth of SF , written depth SF , is defined to be the largest i for which there exists a chain
of strata S0 ≺ S1 ≺ · · · ≺ Si. So, depth SF = 0 if and only if the foliation F is regular. It is
always finite because of the locally finiteness of SF . We also have depth SFU ≤ depth SF for any
open subset U ⊂M and depth SG = depth SH×G < depth SH×cG (cf. 1.1.1).
The minimal strata are exactly the closed strata. An inductive argument shows that the
maximal strata are the strata of dimension m. They are called regular strata and the others
singular strata. Since the codimension of singular strata is at least 2, then only one regular
stratum RF appears, which is an open dense subset. The union of singular strata shall be denoted
by ΣF .
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The restriction of F to a stratum S defines a regular foliation FS. Moreover, if S1 ≺ S2
then dimFS1 < dimFS2. So, the the biggest leaves of F live in RF . The dimension dimF of
the foliation F is the dimension of these leaves, that is dimF = dimFRF . Notice that for any
singular stratum S we have the equality
(1) dimF − dimFS = dimG,
where (Sn−1,G) is the link of a point of S (see (5)).
1.2.1 Examples.
(a) Any regular foliation is a conical foliation.
(b) In the examples of section 1.1.1 we obtain conical foliations if we replace singular foliation
by conical foliation.
(c) Foliated bundles. Consider (N,N ) a conical foliation, B a manifold, B˜ its universal
covering and h : pi1(B) → Diff (N,N ) a representation into the group of diffeomorphisms of N
preserving N . The foliated bundle is the crossed product M = B˜ ×π1(B) N endowed with the
foliation F whose leaves are obtained from B˜ × L, L ∈ N . This foliated bundle is conical. The
dynamic of the leaves, strata, . . . can be very complicated.
1. Put B = S
1
, N = c∞Sn, n > 0, N = cG, G the one-leaf foliation and h(1) defined by
h(1)(u) = u/2. The minimal stratum S = S
1
does not possesses a small saturated tubular
neighborhood.
2. Put B = S
1
, N = cS2n+1, G the Hopf foliation and h(1) defined by
h(1)[(z1, . . . , zn), t] = [(e
2πit · z1, . . . , e2πit · zn), t]
and F = cG. Here the leaves are diffeomorphic to cylinders (in irrational t-levels) or to tori
(in non-zero rational t-levels) or to a circle (for t = 0) and they are completely mixed up.
The minimal stratum S = S
1
possesses small saturated tubular neighborhoods, but these
neighborhoods do not retract to S through a foliated retraction.
(d) Singular Riemannian foliations. A singular Riemannian foliation, SRF for short, is
a singular foliated manifold (M,F) endowed with a Riemannian metric such that every geodesic
that is perpendicular at one point to a leaf remains perpendicular to every leaf it meets (cf. [10]).
The restriction of F to each stratum S of SF is a regular Riemannian foliation. The local structure
of F can be described as follows (cf. [10] and [2]). Given x ∈ M we can find a chart modeled on
(Rm−n ×Rn,H×K) where (Rm−n,H) is a simple foliation, (Rn,K) is a SRF having the origin as
unique 0-dimensional leaf and being invariant by homotethies.
The sphere Sn−1 inherits a singular Riemannian foliation G with K = cG since K is invariant
by homotheties [10]. We conclude that a SRF is a conical foliation.
(e) Isometric actions. The foliation determined by an isometric action induces a singu-
lar Riemannian foliation and therefore a conical foliation. This example will be treated more
extensively in the second Section.
(f) The product. Given two conical foliated manifolds (M1,F1) and (M2,F2) their product
(M1 ×M2,F1 × F2) is also conical.
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Proof. Let us see that. We proceed by induction on depth SF 1 + depth SF 2. When this number
is 0 the product foliation is conical since is regular. The proof of the general case is just a local
matter. Taking into account (b) it suffices to consider the product (cSn1 , cG1)× (cSn2 , cG2), where
(Sn1 ,G1) and (Sn2,G2) are conical. By induction hypothesis it suffices to check the local conicalicity
near (ϑ1, ϑ2). We are going to construct a conical foliated manifold (S
n1+n2+1,G) and a foliated
embedding ζ : (cSn1+n2+1, cG)→ (cSn1, cG1)× (cSn2, cG2) sending ϑ to (ϑ1, ϑ2).
Since the foliation on the cone cSni is tangent to each sphere Sni×{t} then the submanifold
N = {([θ1, t1], [θ2, t2]) ∈ cSn1 × cSn2 / t21+ t22 = 1/2} is a foliated submanifold. Moreover, the map
ψ : (N×]0, 1[, (cG1 × cG2)N × I) −→ (cSn1 × cSn2 , cG1 × cG2),
defined by ψ([θ1, t1], [θ2, t2], t) = ([θ1, t · t1], [θ2, t · t2]) is a foliated embedding. We claim that
(N, (cG1 × cG2)N) is conical. Again it is a local question, so it suffices to prove that (N − {t1 =
0}, (G1 × G2)N−{t1=0}) is conical (similarly for N − {t2 = 0}). Since it is foliated diffeomorphic to
(Sn1×]0, 1[×cSn2 ,G1 × I × cG2), where I is the 0-dimensional foliation of ]0, 1[, then it suffices to
apply the induction hypothesis and we get the claim.
Notice that N is diffeomorphic to the sphere Sn1+n2+1, by ([θ1, t1], [θ2, t2]) 7→ (
√
2t1 ·θ1,
√
2t2 ·
θ2). The induced foliation (S
n1+n2+1,G) is conical. Under this diffeomorphism, the foliated em-
bedding ψ becomes the foliated embedding
ζ : (Sn1+n2+1×]0, 1[,G × I) −→ (cSn1 × cSn2 , cG1 × cG2),
defined by ζ((u, v) = (x0, . . . , xn1 , y0, . . . yn2), t) = ([
u
||u|| ,
t·||u||√
2
], [ v||v|| ,
t·||v||√
2
]). But ζ extends to the
foliated embedding ζ : (cSn1+n2+1, cG) −→ (cSn1×cSn2 , cG1×cG2) by putting ζ(ϑ) = (ϑ1, ϑ2). This
ends the proof ♣
The following result will be useful in the sequel.
Lemma 1.2.2 Let (M,F) and (M ′,F ′) be two conical foliated manifolds with same dimension
and let f : M × [0, 1[→M ′ × [0, 1[ be an embedding. If the restriction
(2) f : (M×]0, 1[,F × I)→ (M ′×]0, 1[,F ′ × I)
is foliated then
(3) f : (M × [0, 1[,F × I)→ (M ′ × [0, 1[,F ′ × I)
is also foliated.
Proof. Notice first that, when the two foliations are regular, the result comes directly from the
local description of f .
Consider on the other hand S ∈ SF a minimal stratum. From (2) there exists S ′ ∈ SF ′ with
f(S×]0, 1[) ⊂ S ′×]0, 1[ and therefore f(S × [0, 1[) ⊂ S ′ × [0, 1[. We claim that
f(S × [0, 1[) ⊂ S ′ × [0, 1[.
For that purpose, let us suppose that there exists S ′0 ∈ SF ′ with S ′0 ≺ S ′ and f(S × {0}) ∩ (S ′0 ×
{0}) 6= ∅. Since f(M × [0, 1[) is an open subset of M ′ × [0, 1[ then f(M×]0, 1[) ∩ (S ′0×]0, 1[) 6= ∅.
But this is not possible since the map f : (M×]0, 1[,F × I)→ (f(M×]0, 1[),F ′ × I) is a foliated
diffeomorphism and S×]0, 1[ a minimal stratum of SF×I .
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We proceed now by induction on depth SF . When this depth is 0 then F is a regular foliation
and the above considerations give f(M × [0, 1[) ⊂ R′× [0, 1[, where R′ is a regular stratum of SF ′ .
We get the result since the two foliations are regular.
Consider now the general case. Denote Smin the union of closed strata of F . By induction
hypothesis the restriction
f : ((M − Smin)× [0, 1[,F × I) −→ (M ′ × [0, 1[,F ′ × I)
is a foliated map. Consider now S ∈ SF a singular stratum. We have seen that there exists
S ′ ∈ SF ′ with f(S × [0, 1[) ⊂ S ′ × [0, 1[. It remains to prove that
f : (S × [0, 1[,F × I) −→ (S ′ × [0, 1[,F ′ × I)
is a foliated map. We get the result since the two foliations are regular. ♣
1.3 Local blow up. Consider a conical chart (U, ϕ) of a point x of a singular stratum S of M .
The composition map
Pϕ : (Rm−n × Sn−1 × [0, 1[,H× cG × I) −→ (U,FU),
defined by Pϕ(u, θ, t) = ϕ(u, [θ, t]), is said to be a local blow up. It is a foliated smooth map
verifying
- The restriction Pϕ : Rm−n × Sn−1×]0, 1[−→ U − S is a diffeomorphism.
- The restriction Pϕ : Rm−n × Sn−1× {0} −→ U ∩ S is a fiber bundle whose fiber is just Sn−1.
In other words, the local blow up replaces each point of the minimal stratum by a link.
The following result shows that the local blow up is essentially unique and that the link of x
is also unique.
Proposition 1.3.1 Let (U1, ϕ1), (U2, ϕ2) be two charts of a point x of M with U1 ⊂ U2. There
exists an unique embedding
Φ1,2 : R
m−n × Sn−1 × [0, 1[→ Rm−n × Sn−1 × [0, 1[
making the following diagram commutative
Rm−n × cSn−1 Rm−n × cSn−1.
Rm−n × Sn−1 × [0, 1[Rm−n × Sn−1 × [0, 1[
❄ ❄
✲
✲
ϕ−1
2 ◦ϕ1
Φ1,2
P P
where P (u, θ, t) = (u, [θ, t]).
Moreover, if the two charts are conical charts, modeled respectively on (Rm−n×cSn−1,H1×cG1)
and (Rm−n × cSn−1,H2 × cG2), then
Φ1,2 : (R
m−n × Sn−1 × [0, 1[,H1 × G1 × I)→ (Rm−n × Sn−1 × [0, 1[,H2 × G2 × I)
is a foliated embedding.
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Proof. Notice that ϕ−12 ◦ϕ1 : Rm−n × cSn−1 → Rm−n × cSn−1 is an embedding.
Uniqueness. It comes from density of Rm−n × Sn−1×]0, 1[ and from the fact that P : Rm−n ×
Sn−1×]0, 1[→ Rm−n × (cSn−1 − {ϑ}) is a diffeomorphism.
Existence. Denote (f, g) : Rm−n × Rn → Rm−n × Rn the embedding ϕ−12 ◦ϕ1. The components
f and g are smooth with g(0) = 0. So, the map h : Rm−n × Sn−1 × [0, 1[→ Rn defined by
h(u, θ, t) = g(u, t · θ)/t is smooth and without zeroes. Finally, we define
Φ1,2(u, θ, t) =
(
f(u, t · θ), h(u, θ, t)||h(u, θ, t)|| , t · ||h(u, θ, t)||
)
.
Embedding. Notice first the following. Since (f, g) is an embedding with g(0) = 0 then each
g(u,−) : Rn → Rn is an embedding. Put Gu its derivative at 0, which is an isomorphism. By
construction we have h(u, θ, 0) = Gu(θ)/||Gu(θ)||. So, each restriction Φ1,2 : {u} × Sn−1 × {0} →
{f(u, 0)} × Sn−1 × {0} is a diffeomorphism.
Now, consider two points (resp. two vectors) on Rm−n × Sn−1 × [0, 1[ sent by Φ1,2 to the same
point (resp. vector). Since ϕ−12 ◦ϕ1 is an embedding then they live on a fiber {u} × Sn−1 × {0}.
Since Gu is an isomorphism, we get the claim.
Foliated. The embedding Φ1,2 extends the foliated map ϕ
−1
2 ◦ϕ1. We apply Lemma 1.2.2. ♣
An important consequence of this Proposition is that the links (Sn−1,G) of two points of the
same stratum S are foliated diffeomorphic. We shall write GS = G.
2 Foliations determined by an abelian isometric action.
We deal in this paper with an abelian isometric action Φ: G ×M → M defined on a compact
smooth manifold. As we study the induced foliation F , we may assume that the group G is
connected; it suffices to replace G by the connected componenet G0 containing the unity element.
For technical reasons, we also need to work with non compact manifolds. The tame actions
are introduced for this purpose.
2.1 Tame actions. A smooth action Φ: G × M → M of a abelian Lie group on a smooth
manifold M is tame if it extends to a smooth action Φ: K × M → M where K is an abelian
compact Lie group containing G. We say that K is a tamer group of G. When M is compact,
this notion is equivalent to that of isometric action (cf. [9]).
When necessary, we can suppose that the group G is dense on K.
The restriction of the action of G to a K-invariant submanifold of M is again a tame action.
For a subgroup H ⊂ G the restriction Φ: H ×M → M is also a tame action.
The connected components of the orbits of the tame action Φ determine a foliation F on M .
Since the action Φ: G×M → M is isometric then F is a conical foliation (cf. 1.2.1 (e)).
2.1.1 Three particular actions.
In this work we shall use the particular actions we describe now.
(a) The action Ξ: G×K → K, defined by Ξ(g, k) = g · k.
The action is tame since it extends to the action Ξ: K ×K → K defined by Ξ(g, k) = g · k. We
write FK the induced foliation, we have dimFK = dimG. For each u ∈ g, Lie algebra of G, we
shall write Xu ∈ X (K) the associated fundamental vector field.
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(b) The action Ψ: G×K/H → K/H, defined by Ψ(g, kH) = (g · k)H, where H ⊂ K a closed
subgroup.
The action is tame since it extends to the action Ψ: K ×K/H → K/H defined by Ψ(g, kH) =
(g ·k)H . We write FK/H the induced foliation, we have dimFK/H = dimGH/H = dimG/(G∩H).
For each u ∈ g we shall write Yu ∈ X (K/H) the associated fundamental vector field. If we write
pi : K → K/H the canonical projection then we have pi∗Xu = Yu.
(c) The action Γ: G ∩H ×H → H, defined by Γ(g, h) = g · h.
The action is tame since it extends to the action Γ: H ×H → H defined by Γ(g, h) = g · h. We
write FH the induced foliation, we have dimFH = dimG ∩H . For each u ∈ g ∩ h we shall write
Zu ∈ X (H) the associated fundamental vector field. Here h is the Lie algebra of H .
2.2 Twisted product. This is the first geometrical tool we use for the study of F .
Take K a connected compact abelian Lie group and G a connected subgroup. We shall suppose
that G is dense on K. Consider an orthogonal action Θ: H × Rn → Rn where H is a compact
subgroup of K . The twisted product K×
H
Rn is the quotient of K×Rn by the equivalence relation
(k · h−1,Θ(h, z)) ∼ (k, z). The element of the twisted product corresponding to (k, z) is denoted
by < k, z >. It is a manifold endowed with the action
Φ: G× (K ×
H
Rn) −→ (K ×
H
Rn),
defined by Φ(g, < k, z >) =< g · k, z > . It is clearly a tame action and we denoted by Ftw the
induced conical foliation.
The restriction Θ: G ∩ H × Rn → Rn is also a tame action. The induced conical foliation
is denoted by FRn; a tamer group is given by H . The couple (Rn,FRn) is a slice of the twisted
product.
The product K × Rn is endowed with the conical foliation FK ×FRn. The natural projection
R : K × Rn → K ×H Rn gives the relations Ftw = R∗(FK ×FRn) and
(4) SFtw = {R(K × S) / S ∈ SFRn} = R({K} × SFRn ).
2.3 Tubular neighborhood. This is the second geometrical tool we use for the study of F .
Consider a singular stratum S of SF . Since dimG(k · x) = dimG(x) for each k ∈ K and
each x ∈ S then S is a K-invariant proper submanifold of M . It possesses a K-invariant tubular
neighborhood (T, τ, S,Rn) whose structural group is O(n). We mean that τ is K-invariant and
that there exists an atlas B such that for two charts (U, ϕ), (V, ψ) ∈ B and for a k ∈ K the
composition
ψ◦k◦ϕ−1 : (U ∩ (k−1V ))× Rn −→ ((kU) ∩ V )× Rn
is of the form (x, u) 7→ (k · x,Ax,k(u)) with Ax,k ∈ O(n).
Recall that there are the following smooth maps associated with this neighborhood:
+ The radius map ρ : T → [0, 1[ defined fiberwise from the assignation [x, t] 7→ t. Each t 6= 0
is a regular value of the ρ. The pre-image ρ−1(0) is S. This map is K-invariant, that is,
ρ(k · z) = ρ(z).
+ The contractionH : T×[0, 1]→ T defined fiberwisely from ([x, t], r) 7→ [x, rt]. The restriction
Ht : T → T is an embedding for each t 6= 0 and H0 ≡ τ . We shall write H(z, t) = t · z. This
map is K-invariant, that is, t · (k · z) = k · (t · z).
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These two maps are related by ρ(t · z) = tρ(z).
The hypersurface D = ρ−1(1/2) is the tube of the tubular neighborhood. It is a K-invariant
submanifold of T . Notice that the map
∇ : D × [0, 1[−→ T,
defined by ∇(z, t) = (2t) · z is a K-equivariant smooth map, where K acts trivially on the [0, 1[-
factor. Its restriction ∇ : D×]0, 1[−→ T −S is a K-equivariant diffeomorphism and its restriction
∇ : D × {0} ≡ D → S is τ .
The foliation F induces on the fibers of τ a tame foliation. Let us see that. Write GS = Gx0
the isotropy subgroup of a point (and therefore, any point) x0 ∈ S. This group acts effectively on
τ−1(x0). The trace on τ−1(x0) of F is given by the action of GS. Using a chart of the atlas B we
identify τ−1(x0) with Rn. The induced foliated manifold (Rn,FRn) is the slice of the tube.
The action of GS induces the orthogonal action Θ: GS × Sn−1 → Sn−1. This action is an
effective tame action. We shall write GS the induced conical foliation. In fact, (Sn−1,GS) is the
link of S. The formula (1) becomes
(5) dimF = dimFS + dim GS.
The tubular neighborhood gives rise to a local blow up:
Proposition 2.3.1 Given a conical chart (U, ϕ) ∈ B there exists a commutative diagram
(6)
Rm−n × Sn−1 × [0, 1[ ϕ
′
−−−→ D × [0, 1[
P
y ∇y
Rm−n × cSn−1 ϕ−−−→ T,
where ϕ′ : (Rm−n × Sn−1 × [0, 1[,H× G × I) −→ (D × [0, 1[,F × I) is a foliated embedding.
Proof. The existence of the embedding ϕ′ and the commutativity τ◦ϕ′ = ϕ◦P is guaranteed by
Lemma 1.3.1. We also know that the restriction ϕ′ = ∇−1
min
◦ϕ◦P : (Rm−n × Sn−1×]0, 1[,H × G ×
I) −→ (D×]0, 1[,F ×I) is a foliated embedding. Applying Lemma 1.2.2 we get that ϕ′ : (Rm−n×
Sn−1 × [0, 1[,H× G × I) −→ (D × [0, 1[,F × I) is a foliated embedding. ♣
2.4 Molino’s blow up. The Molino’ blow up [10] of the foliation F produces a new foliation F̂
of the same kind but of smaller depth. The main idea is to replace each point of closed strata by
the fiber of a convenient tubular neighborhood. But in order to avoid the boundary that appears
in this procedure, we take the double.
We suppose depth SF > 0. Denote Smin the union of closed (minimal) strata and choose Tmin a
disjoint family of K-invariant tubular neighborhoods of the closed strata. The union of associated
tubes is denoted by D
min
. Notice that the induced map ∇
min
: D
min
×]0, 1[−→ T
min
− S
min
is a
K-equivariant diffeomorphism. The blow up of M is the manifold
M̂ =
{(
D
min
×]− 1, 1[
)∐(
(M − S
min
)× {−1, 1}
)}/
∼,
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where (z, t) ∼ (∇
min
(z, |t|), t/|t|), and the map L : M̂ −→M defined by
L(v) =
{ ∇
min
(z, |t|) if v = (z, t) ∈ D
min
×]− 1, 1[
z if v = (z, j) ∈ (M − S
min
)× {−1, 1}.
Notice that L is a continuous map whose restriction L : M̂ − L−1(S
min
) → (M − S
min
) is a K-
equivariant smooth trivial 2-covering.
Since the map ∇
min
is K-equivariant then Φ induces the action Φ̂ : K × M̂ −→ M̂ by saying
that the blow-up L is K-equivariant. The open submanifolds L−1(T
min
) and L−1(T
min
−S
min
) are
clearly K-diffeomorphic to D
min
×] − 1, 1[ and D
min
× (] − 1, 0[∪]0, 1[) respectively. Notice that
the depth of the restrictions of F to D
min
, T
min
− S
min
and M
min
− S
min
is strictly smaller than
depth SF .
The restriction Φ̂ : G × M̂ −→ M̂ is a tame action, whose tamer is just Φ̂ : K × M̂ −→ M̂ .
The induced foliation is F̂ . The associated foliations F and F̂ are related by L which is a foliated
map. Moreover, if S is a not minimal stratum of SF then there exists an unique stratum S ′ of
SF̂ such that L−1(S) ⊂ S ′. The family {S ′ / S ∈ SF} covers M̂ and verifies the relationship:
S1 ≺ S2 ⇔ S ′1 ≺ S ′2. We conclude the important property
depth SF̂ < depth SF .
For any perversity p on M we define the perversity p on M̂ by p(S ′) = p(S).
2.5 Orbit type stratification. Following the action Φ: K ×M → M , the points of M are
classified by this equivalence relation:
x ∼ y ⇐⇒ Kx = Ky.
The induced partition SΦ is the orbit type stratification of M (see for example [3]). The elements
of this stratification are connected K-invariants submanifolds, called ot-strata. This stratification
is finer than the stratification SF defined by the action Φ: K ×M → M , but it verifies similar
properties, in particular, (SΦ,≺) is a poset with finite depth.
Since an ot-stratum is a K-invariant submanifolds then it possesses an invariant neighborhood.
A blow up can be constructed as in the previous framework: the ot-blow-up. We write N : M˜ →M
the ot-blow-up, which is a K-equivariant continuous map relatively to an action Φ˜ : K×M˜ → M˜ .
We have
(7) depth SΦ˜ < depth SΦ.
3 Basic Intersection cohomology
The basic cohomology of a foliated space is the right cohomological tool to study the transverse
structure foliation. A conical foliation has a transverse structure which reminds the stratified
pseudomanifolds of [8], and for these kind of singular spaces the most adapted cohomological tool
is the intersection cohomology. In this section we mix up the two ingredients and we introduce
the basic intersection cohomology.
For the rest of this section, we fix (M,F) a conical foliated manifold.
A differential form defined on the regular stratum may have a wild behavior relatively to the
singular strata. But there are some of which a good contact with the singular part. These are the
perverse forms, and from them we are going to construct the basic intersection cohomology.
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There are several ways to define perverse forms: using a system of tubular neighborhoods (cf.
[5]), using a global blow up (cf. [12]) . . . ; in this work we introduce a more intrinsical way, using
the local blow ups we already have seen.
We are going to deal with differential forms on products (manifold) × [0, 1[p; these forms are
restrictions of differential forms defined on (manifold)×]− 1, 1[p.
3.1 Perverse forms. A differential form defined on the regular stratum may have a wild
behavior relatively to singular strata. But there are some of them with a good contact with the
singular part. These are the perverse forms, and from them we are going to construct the basic
intersection cohomology. Roughly speaking, perverse forms are differential forms defined on the
regular stratum RF which are extendable through local blow ups.
The differential complex Π
∗
F
(M × [0, 1[p) of perverse forms of M × [0, 1[p is introduced by
induction on depth SF . When this depth is 0 then
Π
∗
F
(M × [0, 1[p) = Ω∗(M × [0, 1[p).
Consider now the generic case. A perverse form of M × [0, 1[p is first of all a differential form
ω defined on RF × [0, 1[p⊂M × [0, 1[p such that, for a conical chart (U, ϕ), there exists a perverse
form ωϕ of Rm−n × Sn−1 × [0, 1[p+1 with
(8) ωϕ = (Pϕ × identity[0,1[p)∗ω on Rm−n ×RG×]0, 1[×[0, 1[p.
Notice that this condition makes sense since the restriction of the local blow up
Pϕ : Rm−n × RG×]0, 1[︸ ︷︷ ︸
reg. stratum of Rm−n×cSn−1
−→ U ∩ RF︸ ︷︷ ︸
reg. stratum of U
is a diffeomorphism.
We notice that
(9) P ∗ϕ : Π
∗
F
(U) −→ Π∗
H×G×I
(
Rm−n × Sn−1 × [0, 1[)
is a differential graded commutative algebra (dgca in short) isomorphism.
The complex Π
∗
F
(M) is a dgca since (ω+η)ϕ = ωϕ+ηϕ, (ω∧η)ϕ = ωϕ∧ηϕ and (dω)ϕ = dωϕ.
3.1.1 Remarks.
(a) The notion of perverse form depends on the foliation F through the stratification SF .
(b) A local blow up produces a factor [0, 1[. Further desingularisation would produce extra [0, 1[
factors. This is the reason for introducing directly [0, 1[p.
(c) The perversion condition does not depend on the choice of the conical chart. In fact, if the
condition (8) is satisfied for a conical chart then it is also satisfied for another conical chart (cf. Proposition
1.3.1).
(d) The local blow up of the cone cSn−1 is essentially the product Sn−1 × [0, 1[. So, we have the
natural identification Π
∗
G
(
Sn−1 × [0, 1[) = Π∗
cG
(
cSn−1
)
given by the assignation ω 7→ ω|RG×]0,1[.
(e) Given a tubular neighborhood τ : T → S of a singular stratum (cf.2.3), the map ∇ : D× [0, 1[→ T
gives an isomorphism between Π
∗
F
(T ) and Π
∗
F×I
(D × [0, 1[) (cf. Proposition 2.3.1 and Proposition 1.3.1).
(f) Let us illustrate this notion with an example. Consider the isometric action Φ: R × S7 → S7
defined by Φ(t, (z0, z1, z2, z3)) = (e
aπitz0, e
bπitz1, e
cπitz2, z3) with (a, b, c) 6= (0, 0, 0). Recall that the
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induced foliation F is conical (cf. 1.2.1 (e)). We can see S7 as the join S5 ∗ S1 where R acts freely on
the first factor, inducing the foliation G, and trivially on the second factor. There is just one singular
stratum, namely S1, whose link is (S5,G). This stratum has a “global conical chart” (S1 × cS5,I × cG)
then
Π
∗
G
(
S7
)
= Ω
∗(
S5 × D2).
(g) There are differential forms on RF which are not perverse. Any differential form ω of M is
perverse, that is, Ω
∗
(M) ⊂ Π∗
F
(M). In fact we have ωϕ = P ∗ϕω on Rn−m × Sn−1 × [0, 1[ for any conical
chart (U,ϕ).
Proof. For the first part it is sufficient to consider a smooth function on RF going to infinity
when approaching to the singular part. For the second part we proceed by induction on
on depth SF . Consider ω ∈ Π∗F (M × [0, 1[p). For a conical chart (U,ϕ), we have that
ωϕ = P ∗ϕω ∈ Ω∗
(
Rm−n × Sn−1 × [0, 1[p+1). Here, we apply the induction hypothesis ♣
(h) An open foliated embedding f : (M1,F1) → (M2,F2) between two foliated conical manifolds
induces the dgca operator f∗ : Π∗
F2
(M2)→ Π∗F1 (M1).
Proof. The embedding f preserves conical charts and therefore perverse forms. ♣
3.2 Perverse degree. The amount of transversallity of a perverse form ω ∈ Π∗
F
(M) with respect to
a singular stratum S is measured by the perverse degree ||ω||S . We define first the local perverse degree
||ω||U for a conical chart (U,ϕ) of a point of S.
Notice that a local blow up replaces U ∩ S by Rm−n ×RG × {0} and that the restriction
(10) Pϕ : Rm−n ×RG × {0} −→ U ∩ S
is (isomorphic to) a trivial bundle. Since the differential form ω is a perverse form, then the differential
form ϕ∗ω (living on Rm−n×RG×]0, 1[) extends to the differential form ωϕ (living on Rm−n×RG× [0, 1[).
Roughly speaking, the perverse degree ||ω||U is the vertical degree of ωϕ relatively to the added part,
that is, the fibration (10).
More precisely, when ωϕ = 0 on Rm−n ×RG × {0} we put ||ω||U = −∞ and in the other cases
||ω||U = min
k ∈ N
/ ωϕ(u0, . . . , uk, . . .) ≡ 0
for each family {u0, . . . , uk}
of tangent vectors to the fibers of
Pϕ : Rm−n ×RG × {0} −→ U ∩ S
 .
This number does not depend on the choice of the conical chart.
Proof. Take (U,ϕ1) and (U,ϕ2) two foliated charts . From Lemma 1.3.1 we have ωϕ1 =
Φ∗1,2ωϕ2 and that the restriction Φ1,2 : R
m−n×RG ×{0} → Rm−n ×RG ×{0} is a diffeomor-
phism. This implies that ||ω||ϕ1U = ||ω||
ϕ
2
U . ♣
Finally, we define the perverse degree ||ω||S by
(11) ||ω||S = sup {||ω||U / (U,ϕ) is a conical chart of a point of S} .
For two perverse forms ω and η and a singular stratum S we have:
(12) ||ω + η||S ≤ max
{||ω||S , ||η||S} , ||ω ∧ η||S ≤ ||ω||S + ||η||S .
For a perverse form ω the perverse degree is smaller of the usual degree and verifies
(13) ||ω||S ≤ dimRGS = codimM S − 1.
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3.2.1 Remarks.
(a) The notion of perverse degree depends on the foliation F through the stratification SF .
(b) The perverse degree of a differential form of M is −∞ or 0 (cf. 3.1.1 (g)).
(c) Consider Sn−1 endowed with a conical foliation without 0-dimensional leaves and the disk cSn−1
endowed with the induced conical foliation. Then the perverse degree of a form ω ∈ Π∗
cG
(
cSn−1
)
=
Π
∗
G×I
(
Sn−1 × [0, 1[) is just the degree of the restriction ω|Sn−1×{0}, where the degree of 0 is −∞.
(d) Given a tubular neighborhood τ : T → S (cf. 2.3) we know that we can identify Π∗
F
(T ) with
Π
∗
F×I
(D × [0, 1[) through ∇ (cf. 3.1.1 (e)). Since ∇ : D×]0, 1[→ T − S is a K-diffeomorphism we have
that the family of strata of T is: {∇(S′×]0, 1[) / S′ is a stratum of D} ∪ {S}. So, for any ω ∈ Π∗
F
(T ) we
have
– ||ω||∇(S′×]0,1[) = ||∇∗ω||S′×]0,1[.
– ||ω||S =
∣∣∣∣∣∣∣∣(∇∗ω)∣∣(D∩RF )×{0}
∣∣∣∣∣∣∣∣
τ
, where ||α||τ denotes the vertical degree of α ∈ Ω∗(D ∩RF ) rela-
tively to the projection τ : (D ∩RF )× {0} ≡ D ∩RF → S (cf. Proposition 2.3.1).
(e) Let us illustrate this notion with the example of 3.1.1 (f). The perverse forms are just the
differential forms of S5 × D2. The perverse degree || ||S1 is measured relatively to the trivial fibration
S5 × S1 → S1. So, if we write θ5 a volume form of S5, θ1 a volume form of S1 and (x, y) the coordinates
of D2, we have
||θ1||S1 = 0 ; ||θ5||S1 = 5 ; ||θ5 ∧ (xdx+ ydy)||S1 = −∞.
(f) A perverse form with ||ω||S ≤ 0 and ||dω||S ≤ 0 induces a differential form ωS on S. When this
happens for each stratum S we conclude that ω ≡ {ωS} is a Verona’s controlled form (cf. [17]).
Proof. Consider (U2, ϕ2) a conical chart of a point of a singular stratum S. The conditions
||ω||S ≤ 0 and ||dω||S ≤ 0 give the existence of a form ηϕ2 ∈ Ω
∗
(U2 ∩ S) with ωϕ2 = P ∗ϕ2ηϕ2
on Rm−n ×RG × {0}. Let (U1, ϕ1) be another conical chart of a point of S with (U1, ϕ1) ⊂
(U2, ϕ2). From the Proposition 1.3.1 we have
P ∗ϕ
1
ηϕ
1
= ωϕ
1
= Φ∗1,2ωϕ2 = Φ
∗
1,2P
∗
ϕ
2
ηϕ
2
= P ∗ϕ
1
ηϕ
2
and therefore ηϕ
1
= ηϕ
2
on U1 ∩ S. This implies that the forms {ηϕi} overlap and define a
differential form ωS ∈ Ω∗(S). ♣
(g) An open foliated embedding f : (M1,F1) → (M2,F2) between two foliated conical manifolds
induces the dgca operator f∗ : Π∗
F2
(M2)→ Π∗F1 (M1) which preserves the perverse degree (cf. Proposition
1.3.1).
3.3 Basic cohomology. The basic cohomology of a foliation F is an important tool in the study its
transversal structure and plays the roˆle of the cohomology of the leaf space M/F , which can be a wild
topological space.
Consider (M,F) a foliated manifold. A differential form ω ∈ Ω∗(M) is basic if
iXω = iXdω = 0,
for each vector field X on M tangent to the foliation F . For example, a function f is basic iff f is
constant on the leaves. We shall denoted by Ω
∗
(M/F) the complex of basic forms. Since the sum and
the product of basic forms are still basic forms, then the complex of basic forms is a dgca. Its cohomology
H
∗
(M/F) is the basic cohomology of (M,F). We also use the relative basic cohomology H∗((M,F )/F),
that is, the cohomology computed from the complex of basic forms vanishing on the saturated set F .
When the foliation comes from a fibration f : M → B with connected fibers, then the leaf spaceM/F
is in fact the manifold B and the basic cohomology H
∗
(M/F) is the cohomology of B.
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3.3.1 Remarks.
(a) The basic cohomology does not use the stratification SF .
(b) Let us illustrate this notion with an example. Consider the isometric action Ψ: R × S5 → S5
defined by Ψ(t, (z0, z1, z2)) = (e
aπitz0, e
bπitz1, e
cπitz2) with (a, b, c) 6= (0, 0, 0). The induced foliation G is
a regular one and we have that H
i(
S5/G) is
i = 0 i = 1 i = 2 i = 3 i = 4
R 0 R · [e] 0 R · [e2]
Here, the cycle e ∈ Ω2(S5/G) is an Euler form. Notice that this cohomology is finite dimensional and
verifies the Poincare´ Duality. These facts are always true for any regular isometric flow on a compact
manifold (see [6] and [7]).
Consider now the singular isometric flow defined in 3.1.1 (f). Here we have that H
i(
S7/F) is
i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6
R 0 0 0 R · [β ∧ e] 0 R · [β ∧ e2]
The cycle β ∈ Ω2(S7/F) is the form induced by 1 from the double suspension S7 ≡ ΣΣS5.
Notice that this cohomology is finite dimensional. This is true for any isometric flow on a compact
manifold (see [18], [11]). On the other hand, the Poincare´ Duality is lost. We introduce in this work the
basic intersection cohomology in order to recover this property.
(c) A smooth foliated map f : (M1,F1) → (M2,F2) induces the dgca operator f∗ : Ω∗(M2/F2) →
Ω
∗
(M1/F1).
3.4 Basic intersection cohomology. The stratification SF induced by a conical foliation F is rich
enough to support an intersection cohomology theory.
Consider (M,F) a conical foliated manifold. A perversity is a map p : SσF → Z, where S
σ
F is the family
of singular strata. There are two particular perversities we are going to use:
- the constant perversity i defined by i(S) = i, where i ∈ Z, and
- the (basic) top perversity t defined by t(S) = codimM F−codim S FS−2 = codimM S−dimGS−2.
Any two perversities can be added.
Associated to an open foliated embedding f : (M ′,F ′)→ (M,F) there exists a perversity on (M ′,F ′),
still written p, defined by p(S′) = p(S) where S′ ∈ SσF and S ∈ S
σ
F with f(S′) ⊂ S.
The basic intersection cohomology appears when one considers basic forms whose perverse degree is
controlled by a given perversity. We shall write
Ω
∗
p
(M/F) =
{
ω ∈ Ω∗(RF/FRF ) ∩Π
∗
F
(M) / max (||ω||S , ||dω||S) ≤ p(S) ∀S ∈ SσF
}
the complex of basic perverse forms whose perverse degree (and that of the their differential) is bounded
by the perversity p. It is a differential complex, but it is not an algebra, in fact the wedge product acts
in the following way:
∧ : Ωi
p
(M/F) × Ωj
q
(M/F) −→ Ωi+j
p+q
(M/F)
(see (12)). The cohomology IH
∗
p
(M/F) of this complex is the basic intersection cohomology of (M,F),
or BIC for short, relatively to the perversity p (cf. [13]).
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3.4.1 Remarks.
(a) The basic intersection cohomology coincides with the basic cohomology when the foliation F is
regular, that is when depth SF = 0. But it also generalizes the intersection cohomology of Goresky-
MacPherson (cf. [8]) when the leaf space B lies in the right category, that of stratified pseudomanifolds
(cf. [13]).
(b) The perverse degree of a perverse form verifies (13). But when this form is also a basic one we
have
||ω||S ≤ dimRG − dimFRG = codimM F − codim S FS − 1 = (t+ 1)(S)
(cf. (1)).
(c) Si ω ∈ Ωℓ−1
t
(M/F) et ϕ : (Rm−n × cSn−1,H × cG) −→ (U,F) is a conical chart then
ωϕ ≡ 0 on Rm−n ×RG × {0},
where ℓ = codimM F .
Proof. Put S the stratum of SF containing ϕ(Rm−n × {ϑ}). Notice that we have t(S) =
ℓ− ((m−n)−dimH)−2 = n−dimG−2. If the above assertion is not true then there exists
(x, z) ∈ Rm−n × RG , {v1, . . . , vm−n−dimH} ⊂ TxRm−n and {w1, . . . , wn−1−dimG} ⊂ TzSn−1
with ω(x, z, 0)(v1, . . . , vm−n−dimH, w1, . . . , wn−1−dimG) 6= 0. This is not possible since the
vectors {w1, . . . , wn−1−dimG} are tangent to the fibers of Pϕ and n− 1− dimG > t(S). ♣
(d) Consider a tubular neighborhood τ : T → S (cf. 2.3) and p a perversity on T . From 3.2.1 (d) we
get that ∇∗ stablishes an isomorphism between Ω∗
p
(T/F) and{
ω ∈ Ω∗
p
(
D × [0, 1[
/
F × I
)
/
∣∣∣∣∣∣∣∣ω∣∣(D∩RF )
∣∣∣∣∣∣∣∣
τ
≤ p(S) and
∣∣∣∣∣∣∣∣dω∣∣(D∩RF )
∣∣∣∣∣∣∣∣
τ
≤ p(S)
}
.
Here, the perversity p on D × [0, 1[ defined by p(S′ × [0, 1[) = p(∇(S′×]0, 1[)).
(e) Let us illustrate this notion with the example of 3.1.1 (f) (see also 3.3.1 (b)). A direct calculation
gives that H
i
p
(
S7/F) is
i = 0 i = 1 i = 2 i = 3 i = 4 i=5 i = 6
p ≤ −1 0 0 R · [β] 0 R · [β ∧ e] 0 R · [β ∧ e2]
p = 0 R 0 0 0 R · [β ∧ e] 0 R · [β ∧ e2]
· · · · · · · · · · · · · · · · · · · · · · · ·
p = t R 0 R · [e] 0 R · [β ∧ e] 0 0
p ≥ t+ 1 R 0 R · [e] 0 R · [e2] 0 0
The first line is the relative basic cohomology H
∗(
(S7,S1)/F), the second line is the basic cohomology
H
∗(
S7/F) and the last line is the basic cohomology H∗((S7 − S1)/F). These cohomologies are finite
dimensional and verify the following Poincare´ Duality:
IH
i
p
(M/F) ∼= IHj
q
(M/F),
for i+ j = 6 and p+ q = t.
We shall prove in this work that all these facts are always true for any abelian isometric flow on a
compact manifold.
(f) Given an open foliated embedding f : (M1,F1) → (M2,F2) we have the induced differential
operator f∗ : Ω∗
p
(M2/F2) → Ω∗p(M1/F2) (cf. 3.1.1 (h) and 3.3.1 (c)). If f is a foliated diffeomorphism
then f∗ is a differential isomorphism.
We present now some of the technical tools used in this work. We fix (M,F) a conical foliated
manifold and p a perversity.
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3.5 Local calculations
The intersection basic cohomology, as the basic cohomology, is not easily computable. It becomes
computable for singular foliations defined by an abelian isometric group as will be observed in the next
section. Nevertheless, the typical calculations for the BIC are the classical ones.
Proposition 3.5.1 Let (Rk,H) be a simple foliation. Put p the perversity defined on the conical foliated
manifold (Rk ×M,H×F) by p(Rk ×S) = p(S). The canonical projection pr : Rk ×M →M induces the
isomorphism
IH
∗
p
(M/F) ∼= IH∗
p
(
Rk ×M/H×F
)
.
Proof. Fix a ∈ Rk a basis point and put ι : M → Rk ×M the inclusion defined by ι(x) = (a, x). Notice
that a conical chart (U,ϕ) onM induces the conical chart (Rk×U, Identity Rk ×ϕ) on Rk×M . Under these
charts the projection pr becomes the canonical projection Rk ×Rm−n × cSn−1 → Rm−n × cSn−1 defined
by (u, c, ζ) 7→ (v, ζ). The inclusion ι becomes the inclusion Rm−n × cSn−1 → Rk ×Rm−n × cSn−1 defined
by (v, ζ) 7→ (a, v, ζ). An inductive argument on the depth gives that the operators pr ∗ : Ω∗
p
(M/F) →
Ω
∗
p
(
Rk ×M/H×F) and ι∗ : Ω∗
p
(
Rk ×M/H×F)→ Ω∗
p
(M/F), are well-defined differential operators.
Since the composition ι∗◦ pr ∗ is the identity then it suffices to prove that pr ∗ ◦ι∗ is homotopic to the
identity.
The foliated homotopy k1 : R
k × [0, 1] → Rk defined by k0(u, t) = tu induces the homotopy k1 : Rk ×
M × [0, 1]→ Rk ×M defined by k1(u, x, t) = (k0(u, t), x). This homotopy does not involve the M -factor,
so it induces the morphism k∗1 : Π
∗
H×F
(
Rk ×M) → Π∗
H×F
(
Rk ×M × [0, 1]) which preserves the perverse
degree. We also have d◦k∗1 = k∗1◦d and therefore the differential morphism
k∗1 : Ω
∗
p
(
Rk ×M
)
→ Ω∗
p
(
Rk ×M × [0, 1]
)
.
The integration along the [0, 1]-factor does not involves M . So, the operator K : Π
∗
H×F
(
Rk ×M) →
Π
∗−1
H×F
(
Rk ×M), given by Kω = ∫ 10 k∗1ω, is well-defined and preserves the perverse degree. On the other
hand, it verifies the homotopy equality
d◦K +K◦d = pr ∗ ◦ι∗ − Identity .
This implies that dK also preserves the perverse degree. We conclude that
K : Ω
∗
p
(
Rk ×M/H×F
)
→ Ω∗−1
p
(
Rk ×M/H×F
)
is well-defined and that is a homotopy operator between pr ∗ ◦ι∗ and the identity. ♣
For the cone (cSn−1, cG) (cf. 1.1.1 (c)) we have:
Proposition 3.5.2 Let G be a conical foliation without 0-dimensional leaves on the sphere Sn−1. A
perversity p on cSn−1 gives the perversity p on Sn−1 defined by p(S) = p(S×]0, 1[). The canonical
projection χ : Sn−1×]0, 1[→ Sn−1 induces the isomorphism
IH
i
p
(
cSn−1/cG) = { IH ip(Sn−1/G) if i ≤ p({ϑ})
0 if i > p({ϑ}).
Proof. The statement about perversities is clear. From 3.2.1 (c) we have
Ω
j
p
(
cSn−1/cG) =

Ω
j
p
(
Sn−1 × [0, 1[/G × I) if j < p({ϑ})
Ω
j
p
(
Sn−1 × [0, 1[/G × I) ∩ d−1Ker ι∗ if j = p({ϑ})
Ω
j
p
(
Sn−1 × [0, 1[/G × I) ∩Ker ι∗ if j > p({ϑ})
Here ι : Sn−1 → Sn−1 × [0, 1[ is the inclusion defined by ι(θ) = (θ, 0). Proceeding as in the above
Proposition we get the isomorphism IH
i
p
(
cSn−1/cG) = { IH ip(Sn−1/G) if i ≤ p({ϑ})
0 if i > p({ϑ}). ♣
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3.6 Mayer-Vietoris.
An open covering {U, V } of M by saturated open subsets is a basic covering when there exists a
subordinated partition of the unity made up of controlled basic functions. They may or may not exist.
For a such covering we have the Mayer-Vietoris short sequence
0→ Ω∗
p
(M/F)→ Ω∗
p
(U/F) ⊕ Ω∗
p
(V/F)→ Ω∗
p
((U ∩ V )/F)→ 0,
where the map are defined by ω 7→ (ω, ω) and (α, β) 7→ α− β. The third map is onto since the elements
of the partition of the unity are controlled basic functions. Thus, the sequence is exact. This result is
not longer true for more general coverings.
The Mayer-Vietoris sequence allows to make computations when the conical foliated manifold is
covered by finite suitable covering. The passage from the finite case to the general case may be done
using an adapted version of the Bredon’s trick of [4, page 289]:
Bredon’s Trick 3.6.1 Let X be a paracompact topological space (resp. compact topological space) and
let {Uα} be an open covering, closed for finite intersection. Suppose that Q(U) is a statement about open
subsets of X, satisfying the following three properties:
(BT1) Q(Uα) is true for each α;
(BT2) Q(U), Q(V ) and Q(U ∩ V ) =⇒ Q(U ∪ V ), where U and V are open subsets of X;
(BT3) Q(Ui) =⇒ Q
( ⋃
i
Ui
)
, where {Ui} is a disjoint family (resp. finite disjoint family) of open subsets
of X.
Then Q(X) is true.
3.7 Compact supports.
For the study of the Poincare´ Duality we shall need the notion of cohomology with compact supports.
We define the support of a perverse form ω ∈ Π∗
F
(M) as the closure (in M !)
supp ω = {x ∈M − ΣF / ω(x) 6= 0}.
We have the relations supp (ω+ω′) ⊂ supp ω∪ supp ω′, supp (ω∧ω′) ⊂ supp ω∩ supp ω′ and supp dω ⊂
supp ω. We denote
Ω
∗
p,c
(M/F) =
{
ω ∈ Ω∗
p
(M/F)
/
supp ω is compact
}
the complex of basic differential forms with compact support. It is a differential complex, but it is not
an algebra, in fact the wedge product acts in this way:
∧ : Ωi
p,c
(M/F) × Ωj
q
(M/F) −→ Ωi+j
p+q,c
(M/F)
(see (12)). The cohomology IH
∗
p,c
(M/F) of this complex is the basic intersection cohomology with compact
support of (M,F), relatively to the perversity p. Of course, when M is compact we have IH∗
p,c
(M/F) =
IH
∗
p
(M/F).
For ΣF = ∅, this notion generalizes the basic cohomology with compact supports.
Given a basic covering {U, V } of M we have the Mayer-Vietoris short sequence
0→ Ω∗
p,c
((U ∩ V )/F)→ Ω∗
p,c
(U/FU )⊕ Ω∗p,c(V/FV )→ Ω
∗
p,c
(M/F)→ 0,
where the map are defined by ω 7→ (ω, ω) and (α, β) 7→ α− β. The third map is onto since the elements
of the partition of the unity are controlled basic functions. Thus, the sequence is exact.
We give now some local calculations. Given a simple foliation (Rk,H) ≡ (Ra × Rb,J × I), where J
is the one-leaf foliation of Ra and I the pointwise foliation of Rb, we have H∗
c
(
Rk/H) = R generated by
[f dx1 ∧ · · · ∧ dxb] where f is a bump function: f ∈ C∞(Rb) with
∫
Rb
f = 1 and compact support.
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Proposition 3.7.1 Let (Rk,H) be a simple foliation. We have the isomorphism
IH
∗
p,c
(M/F) ∼= IH∗+b
p,c
(
Rk ×M/H ×F
)
given by [β] 7→ [f dx1 ∧ · · · ∧ dxb ∧ β], where f ∈ C∞(Rb) is bump function.
Proof. Notice first Ω
∗
p,c
(
Rk ×M/H×F) = Ω∗
p,c
(
Rb ×M/I × F). It suffices to prove the case b = 1.
Before executing the calculation let us introduce some notation. Let β be a differential form on
Ω
∗
(RF ×M) which does not include the dt factor. By
∫ c
−
β(s)∧ds and
∫ −
c
β(s)∧ds we denote the forms
on Ω
∗
(RF ×M) obtained from β by integration with respect to s:
(∫ c
−
β(s) ∧ ds
)
(x, t)(~v1, . . . , ~vi) =∫ c
t
(β(x, s)(~v1, . . . , ~vi)) ds and
(∫ −
c
β(s) ∧ ds
)
(x, t)(~v1, . . . , ~vi)) =
∫ t
c
(β(x, s)(~v1, . . . , ~vi)) ds where c ∈
]a, b[, (x, t) ∈ RF×]a, b[ and (~v1, . . . , ~vi) ∈ T(x,t)(RF×]a, b[) .
A generic differential form ω of Ω
∗
p,c
(R×M/I × F) is of the form
ω = α+ β ∧ dt,
where α, β ∈ Ω∗
p,c
(R×M/I × F) do not contain dt. Consider the differential operators
∆: Ω
∗
p,c
(M/F) −→ Ω∗−1
p,c
(R×M/I × F) and ∇ : Ω∗
p,c
(R×M/I × F) −→ Ω∗+1
p,c
(M/F),
defined by
∆(α+ β ∧ dt) =
∫ ∞
−∞
β(s) ∧ ds and ∇(β) = f dt ∧ β.
Notice that ∆◦∇ = Identity (up to a sign) which gives ∇∗◦∆∗ = Identity (up to a sign). We prove now
∆∗◦∇∗ = Identity . Consider [ω = α + β ∧ dt] ∈ IH∗
p,c
(R×M/I × F). Define η ∈ Ω∗−1
p,c
(R×M/I × F)
by
η =
(∫ t
−∞
f(s) ds
)(∫ ∞
t
β(s) ∧ ds
)
−
(∫ ∞
t
f(s) ds
)(∫ t
−∞
β(s) ∧ ds
)
.
A straightforward calculation gives
dη = f dt ∧
∫ ∞
−∞
β(s) ∧ ds− β ∧ dt− α = ∆∗◦∇∗(ω)− ω.
This ends the proof. ♣
For the computation of IH
∗
p
(
cSn−1/cG) we consider g ∈ C∞([0, 1[) with g ≡ 1 on [0, 1/4], g ≡ 0 on
[3/4, 1[ and
∫ 1
0
g = 1.
Proposition 3.7.2 Let G be a conical foliation without 0-dimensional leaves on the sphere Sn−1. We
have the isomorphism
IH
i
p,c
(
cSn−1/cG) = { 0 if i ≤ p({ϑ}) + 1
IH
i−1
p
(
Sn−1/G) if i ≥ p({ϑ}) + 2,
given by [g dt ∧ ω]← [ω].
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Proof. From 3.2.1 (c) we have
Ω
i
p,c
(
cSn−1/cG) =

Ω
i
p,c
(
Sn−1 × [0, 1[/G × I) if i < p({ϑ})
Ω
i
p,c
(
Sn−1 × [0, 1[/G × I) ∩ d−1Ker ι∗ if i = p({ϑ})
Ω
i
p,c
(
Sn−1 × [0, 1[/G × I) ∩Ker ι∗ if i > p({ϑ})
Here ι : Sn−1 → Sn−1 × [0, 1[ is the inclusion defined by ι(θ) = (θ, 0). Consider a cycle ω = α + dt ∧ β ∈
Ω
i
p,c
(
cSn−1/G). Notice the equality
ω = d
(∫ 1
−
β(s) ∧ ds
)
,
with
(∫ 1
−
β(s) ∧ ds
)
∈ Ωi−1
p,c
(
Sn−1 × [0, 1[/G × I). This gives IHi
p,c
(
cSn−1/cG) = 0 if i ≤ p(ϑ) + 1.
Now, it suffices to prove that the assignment [ω] 7→ [g dt ∧ ω] establishes an isomorphism between
IH
∗−1
p
(
Sn−1/G) and H∗(Ω·
p,c
(
Sn−1 × [0, 1[/G × I) ∩Ker ι∗) = IH∗
p,c
(
(Sn−1 × [0, 1[,Sn−1 × {0})/G × I).
The proof is exactly the same of the previous Proposition, replacing −∞ by 0. ♣
3.8 Twisted product.
We show in this section how to compute the BIC of the twisted product K ×H Rn (cf. 2.2) in terms
of the group K and the slice Rn.
Notice first that a perversity p on (K × Rn,FK × FRn) (resp. (K ×H Rn,Ftw)) is determined by a
perversity p on (Rn,FRn) by putting p(K × S) = p(S) (resp. p(R(K × S)) = p(S), see (4).
Lemma 3.8.1 The natural projection R : K ×Rn → K ×H Rn induces the differential monomorphism
R∗ : Ω
∗
p
(K ×H Rn/Ftw) −→ Ω∗p(K × Rn/FK ×FRn),
for any perversity p.
Proof. We proceed in several steps.
(a) A foliated atlas for π : K → K/H .
Since π is a H-principal bundle then it possesses an atlas A# =
{
ϕ : π−1(U) −→ U ×H} made up
withH-equivariant foliated charts. TheH-equivariance means ϕ(h·k) = (π(k), h·h0) if ϕ(k) = (π(k), h0).
We study the foliation ϕ∗FK . This equivariance property gives ϕ∗Xu = (0, Zu) for each u ∈ g∩ h. Thus,
the trace of the foliation ϕ∗FK on the fibers of the canonical projection pr : U ×H → U is FH . On the
other hand, since the map π is a G-equivariant submersion then π∗FK = FK/H , which gives pr ∗ ϕ∗FK =
FK/H . We conclude that ϕ∗FK ⊂ FK/H ×FH . By dimension reasons we get ϕ∗FK = FK/H ×FH . The
atlas A# is an H-equivariant foliated atlas of π.
(b) A foliated atlas of R : K × Rn → K ×H Rn.
We claim that A# = {ϕ : π−1(U) ×H Rn −→ U × Rn / (U,ϕ) ∈ A#} is a foliated atlas of R where
the map ϕ is defined by ϕ(< k, z >) = (π(k), (Θ((ϕ−1(π(k), 0))−1 · k, z))). This map is a diffeomorphism
whose inverse is ϕ
−1
(u, z) =< ϕ−1(u, 0), z >. It verifies
ϕ∗R∗(FK ×FRn) = ϕ∗R∗(ϕ−1 × Identity Rn)∗(FK/H ×FH ×FRn).
A straightforward calculation shows ϕ◦R◦(ϕ−1 × Identity Rn) = (Identity U ×Θ). Since FH is defined by
the action Γ: G ∩H ×H → H then Θ∗(FH ×FRn) = FRn . Finally we obtain ϕ∗Ftw = FK/H ×FRn .
(c) Last step.
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Given (U,ϕ) ∈ A#, we have the commutative diagram
U ×H × Rn ϕ−−−−→ K × Rn
P
y Ry
U × Rn ϕ−−−−→ K ×H Rn,
where P (u, h, z) = (u,Θ(h, z)) and R−1(Im ϕ) = Im ϕ. We claim that
R∗ : Ω
∗
p
(K ×H Rn/Ftw) −→ Ω∗p(K × Rn/FK ×FRn)
is a well-defined morphism. Since it is a local question and we have R−1(Im ϕ) = Im ϕ, then it suffices
to prove that the induced map P ∗ : Ω∗
p
(
U × Rn/FK/H ×FRn
) −→ Ω∗
p
(
U ×H × Rn/FK/H ×FH ×FRn
)
is well-defined. This comes from the fact that the map
∇ : (U ×H × Rn,FK/H ×FH ×FRn) −→ (U ×H × Rn,FK/H ×FH ×FRn),
defined by ∇(u, h, z) = (u, h,Θ(h, z)) is a foliated diffeomorphism. Since pr 0 ◦∇ = R, with pr 0 : U ×
H × Rn → U × Rn canonical projection then it suffices to apply 3.4.1 (f) and Proposition 3.5.1. The
injectivity of R∗ comes from the fact that R is a surjection. ♣
Lemma 3.8.2 Let Φ: G×M → M be a tame action. Put K a connected tamer group of G. We write
Vu ∈ X (K) the fundamental vector field associated to an element u of the Lie algebra of K. For any
perversity p the interior operator
iVu :
(
Ω
∗
p
(M/F)
)K −→ (Ω∗−1
p
(M/F)
)K
.
is well-defined.
Proof. Since K is connected then the vector field Vu is K-invariant. So, the contraction operator iVu
preserves the K-invariants differential forms. Moreover, if ω ∈
(
Ω
∗
p
(M/F)
)K
and X is a vector field on
M tangent to the foliation F then we have:
iXiVuω = −iVuiXω = 0 and iXdiVuω = −iXiVudω = iVuiXdω = 0.
We end the proof if we show that ω ∈
(
Ω
∗
p
(M × [0, 1[p)
)K
implies iVuω ∈ Ω∗−1p (M × [0, 1[p). We proceed
by induction on the depth of SF .
1. First step: depth SF = 0. The result is clear.
2. Induction step. Since the question is a local one we can consider M = T a K-invariant tubular
neighborhood of a singular stratum S. Write V˜u ∈ X (D × [0, 1[) the fundamental vector field associated
to u. This vector field is tangent to the boundary of D × [0, 1[, write U its restriction. On the other
hand, since ∇ : D × [0, 1[→ T is a K-equivariant map, then ∇∗V˜u = Vu.
We have, for each α ∈ Ω∗(D), the relationship: iUα(v1, . . . , vj) 6= 0 ⇒ α(v1, . . . , vj) 6= 0. This gives
the inequality ||iUα||τ ≤ ||α||τ .
Denote I = Identity [0,1[p. We have (∇×I)∗ω ∈ Ω∗p
(
D × [0, 1[p+1) with ∣∣∣∣∣∣∣∣((∇× I)∗ω)∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
≤
p(S) and
∣∣∣∣∣∣∣∣((∇× I)∗dω)∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
≤ p(S) (cf. 3.4.1 (d)). By induction hypothesis we have
(∇× I)∗(iVuω) = iV˜u(∇× I)
∗ω ∈ Ω∗
p
(
D × [0, 1[p+1).
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The result comes now from:∣∣∣∣∣∣∣∣((∇× I)∗(iVuω))∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
=
∣∣∣∣∣∣∣∣(iV˜u(∇× I)∗ω)∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
=
∣∣∣∣∣∣∣∣iU ((∇× I)∗ω)∣∣D×{0}×[0,1[p
)∣∣∣∣∣∣∣∣
τ
≤
∣∣∣∣∣∣∣∣(∇× I)∗ω)∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
≤ p(S),
and ∣∣∣∣∣∣∣∣((∇× I)∗(d(iVuω)))∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
=
∣∣∣∣∣∣∣∣− ((∇× I)∗(iVudω))∣∣D×{0}×[0,1[p
∣∣∣∣∣∣∣∣
τ
≤ p(S)
since ω is K-invariant and 3.4.1 (d). ♣
3.8.3 Fixing some notations about Lie algebras.
Write k, g and h the Lie algebras of K, G and H respectively. Choose κ an invariant riemannian
metric on K, which exists by compactness. Consider
{u1, . . . ua, ua+1, . . . , ub, ub+1, . . . , uc, uc+1, . . . , uf}
an orthonormal basis of k with {u1, . . . ub} basis of g and {ua+1, . . . uc} basis of h.
For each index i we write Xi ∈ X (K) the associated invariant vector field to ui (cf. 2.1.1 (a)). Let
γi ∈ Ω1(K) be the dual form ofXi, that is γi = iXiκ. It is a cycle and it is invariant byK, that is, k∗γi = γi
for each k ∈ K. Since K/H is an abelian Lie group then H∗(K/H) = ∧∗(γ1, . . . , γa, γc+1, . . . , γf ). The
FK/H -basic differential forms on
∧
(γ1, . . . , γa, γc+1, . . . , γf ) are exactly
∧∗(γc+1, . . . , γf ). This gives,
(14) H
∗
(
K/H
/
FK/H
)
=
∧∗
(γc+1, . . . , γf ).
Proposition 3.8.4 Let K×H Rn be a twisted product. Let us suppose that the group G is connected and
dense in the group K. Then
IH
∗
p
(K ×
H
Rn/Ftw) ∼= H∗
(
K/H
/
FK/H
)
⊗
(
IH
∗
p
(Rn/FRn)
)H
,
for any perversity p.
Proof. Since the operator R∗ : Ω∗
p
(K ×H Rn/Ftw) −→ Ω∗p(K × Rn/FK ×FRn) is a monomorphism (cf.
Lemma 3.8.1) the it suffices to compute the cohomology of Im R∗. We describe this complex in several
steps.
< i > Description of Ω
∗
(K ×RFRn ).
A differential form of Ω
∗
(K ×RFRn ) is of the form
(15) η +
∑
1≤i1<···<iℓ≤f
γi1 ∧ · · · ∧ γiℓ ∧ ηi1,...,iℓ,
where the forms η, ηi1,...,iℓ ∈ Ω
∗
(K ×RFRn ) verify iXiη = iXiηi1,...,iℓ = 0 for all indices.
< ii > Description of Π
∗
FK×FRn
(K × Rn).
Since the foliation FK is regular then we always can choose a conical chart of the form (U1×U2, ϕ1×ϕ2)
where (U1, ϕ1) is a foliated chart of (K,FK) and (U2, ϕ2) is a conical chart of (Rn,FRn). The local blow
up of the chart (U1 ×U2, ϕ1 ×ϕ2) is constructed from the second factor without modifying the first one.
So, the differential forms γi are always perverse forms and a differential form ω ∈ Π∗FK×FRn (K × R
n) is
of the form (15) where η, ηi1,...,iℓ ∈ Π
∗
FK×FRn
(K × Rn) verify iXiη = iXiηi1,...,iℓ = 0 for all indices.
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< iii > Description of Ω
∗
(K ×RFRn/FK ×FRn).
Consider ω ∈ Ω∗(K ×RFRn/FK ×FRn). Denote
ℵ : K × (K × Rn) −→ (K ×Rn)
the action defined by ℵ(g, (k, u)) = (g ·k, u) and ℵG : G×(K×Rn) −→ (K×Rn) its restriction. Since the
fundamental vector fields of the action ℵG are tangent to the foliation FK × FRn , then ω is G-invariant
and, by density, also K-invariant. So, this form ω lies on
∧∗(γ1, . . . , γf ) ⊗ Ω∗(RFRn ). We need here the
connectedness of G.
Since the FK -basic differential forms of
∧∗(γ1, . . . , γf ) are exactly ∧∗(γb+1, . . . , γf ), then we get the
differential isomorphism
Ω
∗
(K ×RFRn/FK ×FRn) ∼=
∧∗
(γb+1, . . . , γf )⊗ Ω∗(RFRn/FRn).
< iv > Description of Ω
∗
p
(K × Rn/FK ×FRn).
From < ii > and < iii > it suffices to control the perverse degree of the forms
η +
∑
b+1≤i1<···<iℓ≤f
γi1 ∧ · · · ∧ γiℓ ∧ ηi1,...,iℓ ∈
∧∗
(γb+1, . . . , γf )⊗Π∗FRn (R
n).
Consider S a stratum of SFRn . From ||γi||K×S = 0 and ||η||K×S = ||η||S , we get ||γi1 ∧ . . . γiℓ ∧
ηi1,...,iℓ ||K×S = ||ηi1,...,iℓ ||S . We conclude that
Ω
∗
p
(K × Rn/FK ×FRn) ∼=
∧∗
(γb+1, . . . , γf )⊗ Ω∗p(Rn/FRn),
as differential complexes.
< v > Description of Im
{
R∗ : Ω∗
p
(K ×H Rn/Ftw) −→ Ω∗p(K × Rn/FK ×FRn)
}
.
We denoted by {Wa+1, . . . ,Wc} the fundamental vector fields of the action Θ: H×Rn → Rn. Consider
now the action Υ: H×(K×Rn)→ (K×Rn) defined by Υ(h, (k, z)) = (k ·h−1,Θ(h, z)). This fundamental
vector fields are {(−Xa+1,Wa+1), . . . , (−Xc,Wc)}. Given h ∈ H we write Υh : K × Rn → K × Rn the
map defined by Υh(k, z) = Υ(h, (k, z)). Therefore
Im R∗ =
{
ω ∈
∧∗
(γb+1, . . . , γf )⊗ Ω∗p(Rn/FRn).
/
(i) iXiω = iWiω if a+ 1 ≤ i ≤ c
(ii) (Υh)
∗ω = ω for h ∈ H
}
,
(as differential complexes). Recall that h∗γi = γi for each h ∈ H and each i. The foliation FRn is defined
by the action of G ∩ H and then iWiω = 0 for i ∈ {a + 1, . . . , b}. Since γi(Xj) = δij then we get that
Im R∗ is the differential complex{
ω ∈
∧∗
(γb+1, . . . , γf )⊗
(
Ω
∗
p
(Rn/FRn)
)H /
iXiω = iWiω if b+ 1 ≤ i ≤ c
}
=
∧∗
(γc+1, . . . , γf )⊗
{
ω ∈
∧∗
(γb+1, . . . , γc)⊗
(
Ω
∗
p
(Rn/FRn)
)H /
iXiω = iWiω if b+ 1 ≤ i ≤ c
}
︸ ︷︷ ︸
A∗
.
Consider the operator ∆:
(
Ω
∗
p
(Rn/FRn)
)H
−→ ∧∗(γb+1, . . . , γc)⊗ (Ω∗p(Rn/FRn))H , defined by
∆(β) = β +
∑
b+1≤i1<···<iℓ≤c
γi1 ∧ · · · ∧ γiℓ ∧ (iW iℓ · · · iW i1β).
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A straightforward computation gives that the operator ∆ is a differential operator and that the restriction
∆:
(
Ω
∗
p
(Rn/FRn)
)H −→ A∗, is an isomorphism. The inverse operator is
∆−1
ξ0 + ∑
b+1≤i1<···<iℓ≤c
γi1 ∧ · · · ∧ γiℓ ∧ ξi1,...,iℓ
 = ξ0
(cf. Lemma 3.8.2). We conclude that the differential complex Im R∗ is isomorphic to∧∗
(γc+1, . . . , γf )⊗
(
Ω
∗
p
(Rn/FRn)
)H
< vi > Last step.
Consider now the the operator
H
∗
((
Ω
∗
p
(Rn/FRn)
)H)
→֒
(
IH
∗
p
(Rn/FRn)
)H
induced by the inclusion ι :
(
Ω
∗
p
(Rn/FRn)
)H →֒ Ω∗
p
(Rn/FRn). The usual arguments show that this oper-
ator is an isomorphism:
- Monomorphism: ω = dη ⇒ ω = d
∫
H
Υ∗hη dh
- Epimorphism: ω −Υ∗hω = dηh for each h ∈ H =⇒ ω −
∫
H
Υ∗hω dh = d
∫
H
ηh dh
We get
IH
∗
p
(K ×
H
Rn/Ftw) ∼= H∗
(
K/H
/
FK/H
)
⊗
(
IH
∗
p
(Rn/FRn)
)H
,
(cf. (14)). ♣
3.8.5 Remark.
The same procedure gives that the differential operator ∇ = (Identity ∧∗(γ1,...,γa,γc+1,...,γf )⊗∆−1) ◦R∗
gives the isomorphism(
Π
∗
Ftw
(K ×H Rn)
)K ∼=∧∗(γ1, . . . , γa, γc+1, . . . , γf )⊗ (Π∗FRn (Rn))H = H∗(K/H)⊗ (Π∗FRn (Rn))H .
4 Cohomological properties of the BIC
We prove in this section that the BIC of a compact foliated manifold (M,F), determined by an abelian
isometric action Φ: G×M →M , is finite dimensional and verifies the Poincare´ Duality.
When the orbits of this action have the same dimension, that is when depth SF = 0, then the
foliation F is a (regular) riemannian foliation (cf. [10]) and the BIC becomes the usual basic cohomology
H
∗
(M/F). We already know from [7] that H∗(M/F) is finite dimensional and verifies the Poincare´
Duality. For the generic case we are going to proceed by induction on the depth of SF .
But first of all we show how the BIC generalizes the usual basic cohomology. The same situation
appears for the intersection homology of a stratified pseudomanifold (cf. [8]).
Proposition 4.1 Let (M,F) be a foliated manifold determined by a tame action. Then
The BIC of a linear foliation. 29 Octobre 2018˙ 24
i) IH
∗
q
(M/F) ∼= H∗(RF/F) if q > t.
ii) IH
∗
0
(M/F) ∼= H∗(M/F).
iii) IH
∗
p
(M/F) ∼= H∗((M,ΣF )/F) if p < 0.
Proof. The map ω 7→ ω gives the differential operator IM : Ω∗q (M/F)→ Ω
∗
(RF/F). The restriction map
ω 7→ ωRF defines the differential operators JM : Ω
∗
(M/F) → Ω∗
0
(M/F) and KM : Ω∗((M,ΣF )/F) →
Ω
∗
p
(M/F) (cf. 3.2.1 (b)). We prove by induction on the depth of SF the following assertions.
A1(M,F) = “IM is a quasi-isomorphism”.
A2(M,F) = “JM is a quasi-isomorphism”.
A3(M,F) = “KM is a quasi-isomorphism”.
1. First step: depth SF = 0. The singular part ΣF is empty and therefore IH
∗
q
(M/F) =
IH
∗
0
(M/F) = IH∗
p
(M/F) = H∗(M/F) with IM = JM = KM = Identity .
2. Induction step: The family {M − S
min
, T
min
} is a K-invariant open covering of M (cf. 2.4).
Choose α : [0, 1[→ R a smooth map with α ≡ 1 on [0, 1/4[ and α ≡ 0 on [3/4, 1[. Write f = α◦ρ
min
: M →
R, which is a K-invariant map and therefore F-basic. Since supp f ⊂ T
min
and supp (1− f) ⊂M −S
min
we conclude that the covering is a basic one. From 3.6 we have a Mayer-Vietoris sequence and we get
Ai(Tmin − Smin ,F),Ai(M − Smin ,F) and Ai(Tmin ,F) =⇒ Ai(M,F),
for i = 1, 2, 3. The induction hypothesis gives Ai(Tmin − Smin ,F) and Ai(M − Smin ,F), it remains to
prove Ai(Tmin ,F).
From 3.2.1 (d) we know that we can identify the perverse forms of T
min
with the perverse forms of
D
min
× [0, 1[. This identification sends basic forms to basic forms and preserves the perverse degrees
relatively to any stratum different from those of S
min
. The perverse degree of a perverse form ω of
D
min
× [0, 1[ relatively to S
min
becomes the vertical degree of the restriction ω relatively to ∇
min
≡
τ
min
: D
min
× {0} ≡ D
min
−→ S
min
(cf. 3.2.1 (d)). That is,
Ω
∗
q
(T
min
/F) becomes Ω∗
q
(D
min
× [0, 1[/F × I) (cf. 3.4.1 (b))
Ω
∗
0
(T
min
/F) becomes {ω ∈ Ω∗
p
(D
min
× [0, 1[/F × I) / ω|D
min
= τ∗
min
η with η ∈ Ω∗(S
min
/F)}
Ω
∗
p
(T
min
/F) becomes {ω ∈ Ω∗
p
(D
min
× [0, 1[/F × I) / ω|D
min
= 0}.
Proceeding as in Proposition 3.5.1 we prove that
IH
∗
q
(T
min
/F) ∼= IH∗
q
(D
min
/F)
IH
∗
0
(T
min
/F) ∼= H∗(Smin/F)
IH
∗
p
(T
min
/F) ∼= 0
Notice that IT
min
is induced by pr ◦∇−1
min
: T
min
− ΣF → Dmin×]0, 1[→ Dmin and JT becomes τ∗.
On the other hand, since ∇
min
: (D
min
×]0, 1[,F × I)→ (T
min
− ΣF ,F) is a foliated diffeomorphism,
we get
H
∗
((T
min
− ΣF )/F) ∼= H∗(Dmin×]0, 1[/F × I)
3.5.1∼= H∗(Dmin/F),
where the isomorphism is induced by pr ◦∇−1. The induction hypothesis gives that IT
min
is a quasi-
isomorphism.
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The inclusion ι
min
: S
min
→ T
min
and the projection τ
min
: T
min
→ S
min
are foliated maps with
τ
min
◦ι
min
= Identity , so they induce the operators ι∗ : Ω∗(S
min
/F)→ Ω∗(T
min
/F) and τ∗ : Ω∗(T
min
/F)→
Ω
∗
(S
min
/F) verifying ι∗
min
◦τ∗
min
= Identity . The composition ι
min
◦τ
min
is homotopic to the identity by a
foliated homotopy. This homotopy is just H : T
min
× [0, 1]→ T
min
(cf. 2.4). So, the operator τ∗
min
induces
the isomorphism
H
∗
(T
min
/F) ∼= H∗(Smin/F).
This proves that JT
min
is a quasi-isomorphism.
Let ω ∈ Ω∗((T
min
,ΣF )/F) be a cycle. The above homotopy operator gives the relation ω = d
∫ 1
0
H∗ω.
Since the homotopy H preserves the foliation F then ∫ 10 H∗ω ∈ Ω∗((T,ΣF )/F) and therefore
H
∗
((T
min
,ΣF )/F) = 0.
This proves that KT
min
is a quasi-isomorphism. ♣
4.2 Finiteness.
We prove that the BIC of the conical foliation F induced by an abelian isometric action on a compact
manifold is finite dimensional. We proceed by induction on the depth of SF . In order to decrease the
depth we use the blow up of Molino. This will lead us to the twisted product through the invariant
tubular neighborhood.
Proposition 4.2.1 Let (M,F) be a conical foliated manifold determined by a tame action. Consider
(T, τ, S,Rn) a K-invariant tubular neighborhood of a compact singular stratum S. If the BIC of the slice
(Rn,FRn) is finite dimensional then the BIC of the tube (T,F) is also finite dimensional.
Proof. We can suppose that G is connected and we fix a connected tamer group K where G is dense.
We consider the orbit type stratification induced by the action Φ: K ×S → S (cf. 2.5). We prove by
induction on depth SΦ the following statement.
A(T,F) = “The BIC IH∗
p
(T/F) is finite dimensional for each perversity p.”
Fix p a perversity. Recall that any K-invariant submanifold of M inherits naturally a perversity (cf.
3.4), written also p. We proceed in two steps.
1. First step: depth SΦ = 0. The isotropy subgroup of any point of S is a compact subgroup
H ⊂ K. The orbit space S/K is a manifold and the natural projection π : S → S/K is a locally trivial
bundle with fiber K/H. Fix {Uα} a good open covering of S/K (cf. [4]), which is closed for finite
intersections. For an open subset U ⊂ S/K we consider the statement
Q(U) = “The BIC IH
∗
p
(
τ−1π1(U)/F) is finite dimensional”.
Notice that Q(S) = A(T,F). We get the result if we verify the three conditions of the Bredon’s trick (cf.
Proposition 3.6.1).
(BT1) Since Uα is contractile we can identify π
−1(Uα) with Uα × K/H. The group K acts by k0 ·
(x, k1H) = (x, k0k1H). Fix {x0} a basis point of Uα and identify {x0} × K/H with K/H. The
contractibility of the open subset Uα gives a K-invariant O(n)-isomorphism between (T, τ, S,R
n)
and (Uα × τ−1(K/H), Identity Uα ×τ, Uα × K/H,Rn). Notice that, identifying τ−1(eH) with Rn,
the map < k, u > 7→ k · u realizes a K diffeomorphism between τ−1(K/H) and the twisted product
K ×H Rn.
The contractibility of Uα gives:
IH
∗
p
(
τ−1π1(U)/F) ∼= IH∗
p
(
Uα × τ−1(K/H)/I × F
) (3.5.1)∼= IH∗
p
(
τ−1(K/H)/F) ∼= IH∗
p
(K ×H Rn/F),
which is finite dimensional following Proposition 3.8.4.
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(BT2) The lifting of a partition of the unity subordinated to the covering {U, V } of S/K gives a controlled
and basic partition of the unity subordinated to the covering {τ−1π1(U), τ−1π1(V )} of T (cf. 3.2.1
(b)). This covering is a basic one. Now we apply 3.6.
(BT3) Clear since IH
∗
p
((
τ−1π1
(
m⋃
i=0
Ui
))
/F
)
=
m⊕
i=0
IH
∗
p
(
τ−1π1(Ui)/F
)
.
Notice that the compactness asked in the statement of the Proposition is used here by considering a finite
covering {Ui / 1 ≤ i ≤ m}. For a non finite covering the property (BT3) could be false.
2. Induction step. Denote S
min
the union of closed (minimal) strata of SΦ and choose T
min
a
disjoint family of K-invariant tubular neighborhoods of the closed strata. The projection map is written
τ
min
: T
min → Smin . This set is not empty since depth SΦ > 0. The union of associated tubes is denoted
by D
min
. It is a compact K-invariant submanifold verifying
(16) depth S
Φ: K×Dmin→Dmin < depth SΦ.
The induced map ∇min : Dmin×]0, 1[−→ Tmin − Smin is a K-equivariant diffeomorphism, trivial action
on the ]0, 1[-factor. The radius map ρ
min
: T
min → [0, 1[ is a K-invariant map.
The family
{
τ−1(S − Smin), τ−1(Tmin)
}
is a K-invariant open covering of T . Choose α : [0, 1[→ R
a smooth map with α ≡ 1 on [0, 1/4[ and α ≡ 0 on [3/4, 1[. Write f = α◦ρmin◦τ : T → R, which is a
K-invariant map and therefore F-basic. Since supp f ⊂ τ−1(Tmin) and supp (1− f) ⊂ τ−1(S−Smin) we
conclude that the covering is a basic one. From 3.6 we get an exact Mayer-Vietoris sequence
0→ Ω∗
p
(
τ−1(T
min − Smin)/F
)
→ Ω∗
p
(
τ−1(S − Smin)/F
)
⊕ Ω∗
p
(
τ−1(T
min
)/F
)
→ Ω∗
p
(T/F)→ 0.
The Five Lemma gives
A(τ−1(T
min − Smin),F), A(τ−1(Tmin),F) and A(τ−1(S − Smin),F),=⇒ A(T,F).
We check now these three conditions.
(a) A(τ−1(Tmin − Smin) F). The K-equivariant diffeomorphism ∇min produces by pull-back the
commutative diagram
τ−1(Dmin)×]0, 1[
˜∇min−−−−→ τ−1(Tmin − Smin)
τ×Identity ]0,1[
y τy
D
min×]0, 1[ ∇
min
−−−−→ Tmin − Smin
where ∇˜min is a K-diffeomorphism. So, we get
IH
∗
p
(
τ−1(T
min − Smin)/F
) ∼= IH∗
p
(
τ−1(D
min
)×]0, 1[/F × I
) (3.5.1)∼= IH∗
p
(
τ−1(D
min
)/F
)
,
which is finite from the induction hypothesis. (see (16)).
(b) A(τ−1(Tmin),F). The idea is the following. We prove that the inclusion τ−1(Smin) →֒ τ−1(Tmin)
induces an isomorphism
(17) IH
∗
p
(
τ−1(T
min
)/F)
) ∼= IH∗
p
(
τ−1(S
min
)/F)
)
.
Now, since the depth of S
Φ: K×Smin→Smin is 0, it suffices to apply the first step.
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The contraction H
min
: T
min × [0, 1] → Tmin is a K invariant map with Hmin0 = ι◦τ
min
and H
min
1 =
Identity
τ−1(Tmin )
, where ι : S
min →֒ Tmin is the natural inclusion. Notice that τmin◦ι = Identity
τ−1(Smin )
.
The map H
min
is locally the map H
min
: U × Rm × [0, 1]→ U × Rm defined by Hmin(x, v, t) = (x, tv).
Consider the induced commutative diagram by pull-back
τ−1(Tmin)× [0, 1]
˜
Hmin−−−−→ τ−1(Tmin)
τ×Identity [0,1]
y τy
T
min × [0, 1] H
min
−−−−→ Tmin .
Put τ˜
min
and ι˜ the pull backs of τ
min
and ι respectively. We have H˜
min
1 = ι˜◦τ˜min and Identity =
H˜min1 = τ˜
min◦ι˜.
The operator H˜min is K-invariant and therefore is a foliated morphism: H˜min
∗
F = F × I. It is
locally of the form H˜min : U × Rm × Rn × [0, 1] → U × Rm × Rn with H˜min(x, v, w, t) = (x, tv, w). Since
the stratification induced by SF is {U × Rm × S′ × [0, 1] / S′ ∈ SFRn} then the perverse condition and
the perverse degree are read on the Rn-factor. So, the induced operator
H˜
min
∗
: Ω
∗
p
(
τ−1(T
min
)/F
)
→ Ω∗
p
(
τ−1(T
min
)× [0, 1]/F × I
)
is well-defined. The integration along the [0, 1]-factor does not involve Rn. So, the integration operator
K : Ω
∗
p
(
τ−1(T
min
)/F
)
→ Ω∗−1
p
(
τ−1(T
min
)/F
)
,
given by K(ω) =
∫ 1
0 H˜
min
∗
ω, is well-defined. On the other hand, it verifies the homotopy equality:
d◦K +K◦d =
(
H˜min1
)∗
−
(
H˜min0
)∗
=
(
H˜min1
)∗
− Identity .
This gives τ˜min
∗
◦ι˜∗ = Identity . Since ι˜∗◦τ˜min
∗
= Identity the we get (17).
(c) A(τ−1(S − Smin),F). The idea is to construct a K-invariant tubular neighborhood (E, ν, S˜,Rn)
and a K-equivariant commutative diagram
(18)
E
M−−−−→ T
ν
y τy
S˜
N−−−−→ S
verifying
i) The map N : S˜ → S is the ot-blow-up of S relatively to the action Φ: K ×S → S and depth S
Φ˜
<
depth SΦ, where Φ˜ is the induced action of K on S˜.
ii) The restrictions M : M−1τ−1(S − Smin) → τ−1(S − Smin) and M : M−1τ−1(Tmin − Smin) →
τ−1(Tmin − Smin) are two trivial 2-coverings.
iii) The invariant tubular neighborhood (M−1τ−1(Tmin), ν,N−1(Tmin),Rn) is K-equivariantly diffeo-
morphic to (τ−1(Dmin), τ × Identity , (Dmin)×]− 1, 1[,Rn)
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The conditions ii) and iii) give
(19)
A(τ−1(S − Smin),F) ⇐⇒ A(M−1τ−1(S − Smin), E)
A(τ−1(Tmin − Smin),F) ⇐⇒ A(M−1τ−1(Tmin − Smin), E)
A(τ−1(Dmin),F) ⇐⇒ A(M−1τ−1(Tmin), E),
where E is the foliation induced by the action of K on E.
The family
{
M−1τ−1(S − Smin),M−1τ−1(Tmin)
}
is a K-invariant open covering of E. Choose
α : [0, 1[→ R a smooth map with α ≡ 1 on [0, 1/4[ and α ≡ 0 on [3/4, 1[. Denote f = α◦ρmin◦N ◦ν : E → R,
which is a K-invariant map and therefore E-basic, where E is the foliation induced by the action of K on
E. Since supp f ⊂M−1τ−1(Tmin) and supp (1− f) ⊂M−1τ−1(S−Smin) we conclude that the covering
is a basic one. From 3.6 we get an exact Mayer-Vietoris sequence
0→ Ω∗
p
(
M−1τ−1(Tmin − Smin)/E
)
→ Ω∗
p
(
M−1τ−1(S − Smin)/E
)
⊕ Ω∗
p
(
M−1τ−1(Tmin)/E
)
→
→ Ω∗
p
(E/E)→ 0.
We check now these three conditions. The Five Lemma and (19) give
A(τ−1(T
min − Smin),F), A(τ−1(Dmin),F) and A(E, E)⇒ A(τ−1(S − Smin),F).
We check now these three conditions.
(c1) A(τ−1(Tmin − Smin),F). It is the condition (a).
(c2) A(τ−1(Dmin),F). By induction hypothesis since we have (16).
(c3) A(E, E). By induction hypothesis since we have (7) by i).
It remains to construct (18). Consider the manifold
S˜ =
{(
D
min×]− 1, 1[
)∐(
(S − Smin)× {−1, 1}
)}/
∼,
where (z, t) ∼ (∇min(z, |t|), t/|t|), and the map N : S˜ −→ S defined by
N (v) =
{ ∇min(z, |t|) if v = (z, t) ∈ Dmin×]− 1, 1[
z if v = (z, j) ∈ (S − Smin)× {−1, 1}.
This is the ot-blow-up N : S˜ → S induced by the action Φ: K × S → S.
Consider the manifold
E =
{(
τ−1(D
min
)×]− 1, 1[
)∐(
τ−1(S − Smin)× {−1, 1}
)}/
∼,
where (z, t) ∼ (∇˜min(z, |t|), t/|t|) the map M : E −→ T defined by
M(v) =
 ∇˜
min(z, |t|) if v = (z, t) ∈ τ−1(Dmin)×]− 1, 1[
z if v = (z, j) ∈ τ−1(S − Smin)× {−1, 1}
and the map ν : E → S˜ defined by
ν(v) =
{
(τ(z), t) if v = (z, t) ∈ τ−1(Dmin)×]− 1, 1[
(τ(z), j) if v = (z, j) ∈ τ−1(S − Smin)× {−1, 1}
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Since ∇min and ∇˜min are K-equivariant embeddings then S˜ and E are K-manifolds. The maps N andM
are K-equivariant continuous maps. Since the map τ is K-equivariant then the map ν is a K-equivariant
map. The diagram (18) is clearly commutative.
We have that (E, ν, S˜,Rn) is a tubular neighborhood since (τ−1(S − Smin), τ, S − Smin ,Rn) and
(τ−1(Dmin)×] − 1, 1[, τ × Identity ]−1,1[,Dmin×] − 1, 1[,Rn) are compatible tubular neighborhoods. It
remains to verify the properties i)-iii).
i) By construction.
ii) By construction M−1τ−1(S − Smin) = τ−1(S − Smin) × {−1, 1} and M is the projection on the
first factor.
iii) By construction N−1(Tmin) = Dmin×]−1, 1[,M−1τ−1(Tmin) = τ−1(Dmin)×]−1, 1[ and ν becomes
τ × Identity ]−1,1[.
This ends the proof. ♣
The first main result of this section is the following
Theorem 4.2.2 The BIC of the foliation determined by an isometric action of an abelian Lie group on
a compact manifold is finite dimensional.
Proof. Given a conical foliated manifold (NN ) we consider the statement
A(N,N ) = “The BIC IH∗
p
(N/N ) is finite dimensional, for any perversity p.”
Consider Φ: G×M →M an isometric action of an abelian Lie group G on a compact manifold. This
equivalent to say that the action is tame. We denote by F the induced conical foliation. Let us suppose
that G is connected and dense in the (connected) tamer group K. We prove A(M,F) by induction on
depth SF .
1. First step: depth SF = 0. The foliation F is a (regular) riemannian foliation (cf. [10]) and the
BIC is just the basic cohomology (cf. 3.4.1 (a)) The result comes directly from [7].
2. Induction step: The family {M − S
min
, T
min
} is a K-invariant basic open covering of M (cf.
proof of Proposition 4.1). From 3.6 we get an exact Mayer-Vietoris sequence
0→ Ω∗
p
(T
min
− S
min
/F)→ Ω∗
p
(M − S
min
/F) ⊕Ω∗
p
(T
min
/F)→ Ω∗
p
(M/F)→ 0.
The Five Lemma gives
A(T
min
− S
min
,F), A(T
min
,F) and A(M − S
min
,F),=⇒ A(M,F).
We check now these three conditions.
(a) A(T
min − Smin ,F). Since ∇min is a K-equivariant diffeomorphism we have
A(T
min − Smin ,F)⇐⇒ A(Dmin×]− 1, 1[,F × I) (3.5.1)⇐⇒ A(Dmin ,F),
which is true since the depth of (D
min
,F) is strictly smaller than depth SF (cf. 2.5).
(b) A(T
min
,F). If we prove A(Rn,FRn), for the slice of a tubular neighborhood (T, S, τ,Rn), then it
suffices to apply the Proposition 4.2.1. Recall that FRn is defined by an orthogonal action Θ: G∩H×Rn →
Rn such that Θ: G ∩ H × Sn−1 → Sn−1 is a tame action without fixed points defining G and verifying
(Rn,FRn) = (cSn−1, cGS).We have H∗p (Rn/FRn)
3.5.2∼= H≤p(ϑ)
p
(
Sn−1/GS
)
, the tronqued cohomology, which
is finite dimensional since depth SGS < depth SF implies A(S
n−1,GS).
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(c) A(M − Smin ,F). The family {L−1(M − S
min
),L−1(T
min
)
}
is a K-invariant open covering of
M . Choose α : [0, 1[→ R a smooth map with α ≡ 1 on [0, 1/4[ and α ≡ 0 on [3/4, 1[. Write f =
α◦ρ
min
◦L : M̂ → R, which is a K-invariant map and therefore F̂-basic. Since supp f ⊂ L−1(T
min
) and
supp (1 − f) ⊂ L−1(M − S
min
) we conclude that the covering is a basic one. From 3.6 we get an exact
Mayer-Vietoris sequence
0→ Ω∗
p
(
L−1(T
min
− S
min
)/F̂
)
→ Ω∗
p
(
L−1(M − S
min
)/F̂
)
⊕ Ω∗
p
(
L−1(T
min
)/F̂
)
→ Ω∗
p
(
M̂/F̂
)
→ 0.
Recall that, following 2.5, we have that L : L−1(M − S
min
) → (M − S
min
) is a K-equivariant smooth
trivial 2-covering. So, A(L−1(M − S
min
), F̂)⇐⇒ A(M − S
min
,F). Now, the Five Lemma gives
A(L−1(T
min
− S
min
), F̂ ), A(L−1(T
min
), F̂ ) and A(M̂, F̂),=⇒ A(M − S
min
,F).
We check now these three conditions.
(c1) A(L−1(T
min
−S
min
), F̂). Since L−1(T
min
−S
min
) isK-diffeomorphic to two copies of T
min
−S
min
(cf. 2.4)) then we have
A(L−1(T
min
− S
min
), F̂)⇐⇒ A(Tmin − Smin ,F).
Now we apply (a).
(c2) A(L−1(T
min
), F̂). From 2.4 we know that L−1(T
min
) is K-diffeomorphic to D
min
×] − 1, 1[.
Now we proceed as in (a).
(c3) A(M̂ , F̂). Because depth SF̂ < SF (cf. 2.4). ♣
4.3 Poincare´ Duality. We prove in this section that the BIC of a conical foliation F defined on an
oriented manifold M and determined by a tame action, verifies the Poincare´ Duality:
(20) IH
∗
p
(M/F) ∼= IHℓ−∗
q,c
(M/F).
Here ℓ (or ℓM) is the codimension of the foliation F . The two perversities p and q are complementary,
that is, p+ q = t.
The proof follows the path of 4.2, but firstly we define the morphism PM giving (20), it depends on
the notion of a tangent volume form.
4.3.1 Tangent volume form. For the definition of the pairing PM we need a volume form tangent
to the leaves of F .
Consider Φ: G×M →M a tame action defining F . We can choose the group G connected and the
action Φ effective; so, b = dimG = dimF . We also fix {u1, . . . ub} a basis of the Lie algebra g of G. The
associated fundamental vector fields on M are denoted by {V1, . . . , Vb}.
A tangent volume form of (M,F) is a G-invariant differential form η ∈ Πb
F
(M) verifying
(21) η(V1, . . . , Vb) = 1.
Notice that dη(V1, . . . , Vb,−) = 0.
Lemma 4.3.2 Consider K a tamer group of G. There exists a K-invariant tangent volume form η of
(M,F) verifying the following properties:
(a) For each ω ∈ Ωℓ
t
(M/F) the product ω ∧ η does not depend on the tangent volume form η.
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(b) For each ω ∈ Ωℓ−1
t
(M/F) the product ω ∧ dη is 0.
(c) For each ω ∈ Ωℓ
t,c
(M/F) the integral
∫
RF
ω ∧ η is finite.
(d) For each ω ∈ Ωℓ−1
t,c
(M/F) the integral
∫
RF
d(ω ∧ η) is 0.
Proof. We proceed in several steps.
First step. Existence.
We prove the following statement by induction on depth SF :
“There exists a K-invariant differential form η ∈ Πb
F×I
(M × [0, 1[p) verifying:
(22) η((V1, 0), . . . , (Vb, 0)) = 1,
for each p ∈ N”.
The existence is proven by taking p = 0.
When depth SF = 0 then we define η0 on the orbits of Φ by (22) and we extend to a differential
form of Ω
b
(M × [0, 1[p). The differential form η =
∫
K
k∗η0 is K-invariant, lives in Π
b
F×I
(M × [0, 1[p) and
verifies (22) since each k is a K-equivariant diffeomorphism.
Consider now the case depth SF > 0. By induction hypothesis there exists a K-invariant differential
form η0 ∈ Πb
F̂
(
M̂ × [0, 1[p
)
verifying (22). Associated to the Molino’s blow up we have the K-equivariant
imbedding S : (M − S
min
) → L−1(M − S
min
), defined by σ(z) = (z, 1). The differential form η = (σ ×
identity[0,1[p)
∗η0 belongs to Ω
b
(RF × [0, 1[p). It is K-invariant and verifies (22) since σ is a K-equivariant
imbedding. It remains to prove that η ∈ Πb
F×I
(M × [0, 1[p), which is a local property. So, we can
consider thatM is a tubular neighborhood T of a singular stratum of SF and prove (∇×identity[0,1[p)∗η ∈
Π
b
F×I
(
D × [0, 1[p+1) (cf. 3.1.1 (e)). This is the case since σ◦∇ : D×]0, 1[→ D×]−1, 1[ is just the inclusion
and η0 ∈ ΠbF×I
(
D × [0, 1[p+1).
Second step. The condition (a).
Let η′ be another tangent volume form associated to F through Φ and {u1, . . . , ub}. By degree reasons
it suffices to prove the equality iV1 · · · iVb(ω ∧ η) = iV1 · · · iVb(ω ∧ η′). Since ω is a basic form, we have
iV1 · · · iVb(ω ∧ η) = (−1)ℓbω ∧ (iV1 · · · iVbη) = (−1)ℓbω ∧ (iV1 · · · iVbη′) = iV1 · · · iVb(ω ∧ η′).
Second step. The condition (b).
For degree reasons it suffices to prove that iV1 · · · iVb(ω ∧ dη) = 0. Since ω is a basic form, we can
write iV1 · · · iVb(ω ∧ dη) = (−1)ℓbω ∧ iV1 · · · iVbdη = 0.
Third step. The condition (c).
It suffices to prove that
∫
RF×[0,1[p
γ < ∞. where γ ∈ Πm+p
F×I
(M × [0, 1[p) with compact support. We
proceed by induction on the depth of SF . When the foliation is regular then the result is clear. In the
general case we know that the result is true for M − S
min
× [0, 1[p and (T
min
− S
min
)× [0, 1[p. It remains
to consider T
min
× [0, 1[p. From 3.4.1 (d) we know that we can identify the perverse forms of T
min
× [0, 1[p
with the perverse forms of D
min
× [0, 1[p+1 through the map
∇
min
× Identity [0,1[p : Dmin × [0, 1[×[0, 1[p≡ Dmin × [0, 1[p+1−→ Tmin × [0, 1[p.
Since this map is a diffeomorphism between D
min
×]0, 1[×[0, 1[p and (T
min
− S
min
)× [0, 1[p, then we have∫
RFT
min
×[0,1[p
γ =
∫
RFD
min
×]0,1[×[0,1[p
γ =
∫
RFD
min
×[0,1[×[0,1[p
γ =
∫
R
FD
min
×[0,1[p+1
γ.
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The induction hypothesis gives that this integral is finite.
Fourth step. The condition (d).
Since supp ω is compact then it suffices to prove
∫
U∩RF
d(ω ∧ η) = 0 where (U,ϕ) is a conical chart
of F and ω ∈ Ωℓ−1
t,c
(U/F) with supp ω ⊂ U . We have:∫
U∩RF
d(ω ∧ η) =
∫
Rm−n−1×RG×]0,1[
d(P ∗ϕω ∧ P ∗ϕη) (9)=
∫
Rm−n−1×RG×[0,1[
d(ωϕ ∧ ηϕ)
Stokes
====
∫
Rm−n−1×RG×{0}
ωϕ ∧ ηϕ 3.4.1(c)==== 0.
This ends the proof. ♣
4.3.3 The pairing. Let η be a tangent volume form. Consider the differential operator given by
PM : Ω
∗
p
(M/F) × Ωℓ−∗
q,c
(M/F) −→ R
where PM (α, β) =
∫
RF
α ∧ β ∧ η. Notice that the manifold RF ⊂ M is an oriented manifold. From
Proposition 4.3.2 (c) we have that this integration is well-defined. This operator depends on the action
Φ: G×M →M and on the choice of the basis {u1, . . . , ub} of g (cf. Proposition 4.3.2 (a)).
The pairing is the induced operator
PM : IH
∗
p
(M/F) × IHℓ−∗
q,c
(M/F) −→ R
defined by
PM ([α], [β]) =
∫
RF
α ∧ β ∧ η.
This operator is well-defined (cf. Proposition 4.3.2 (b) and (d)). The Poincare´ Duality stands that PM
is a non degenerate pairing, that is, the operator
PM : IH
∗
p
(M/F) −→ Hom
(
IH
ℓ−∗
q,c
(M/F),R
)
defined by
PM ([α])([β]) =
∫
RF
α ∧ β ∧ η
is an isomorphism.
The first step to get the Poincare´ Duality is the following.
Proposition 4.3.4 Consider a twisted product K ×H Rn as in 2.2. Suppose that the action Φ: G ×
(K×H Rn)→ (K×H Rn) is effective. We fix a basis of k as in 3.8.3. The BIC of (K×H Rn,Ftw) verifies
the Poincare´ Duality when the BIC of its slice (Rn,FRn) verifies the Poincare´ Duality.
Proof. Since the action Φ: G × (K ×H Rn) → (K ×H Rn) defining Ftw is effective then the action
Θ: (G ∩H)×Rn → Rn defining FRn is also effective. The Proposition makes sense. We proceed now in
two steps.
(a) Construction of the tangent volume form.
Consider a tangent volume form η0 ∈
(
Π
b−a
FRn
(Rn)
)H
of the slice (Rn,FRn). We construct the tangent
volume form η of the twisted product in terms of η0.
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Put η = ∇−1(γ1 ∧ · · · ∧ γa ∧ η0) = R−∗(γ1 ∧ · · · ∧ γa ∧∆′(η0)). It belongs to
(
R
∗
F
(K ×H Rn)
)K
(cf.
3.8.5). We prove now (21). Since R∗Xi = Vi for i ∈ {1, . . . , f} then,
η(V1, . . . , Vb) = (γ1 ∧ · · · ∧ γa ∧∆′(η0))(X1, . . . ,Xb) = ∆′(η0)(Xa+1, . . . ,Xb) =
=
η0 + ∑
a+1≤i1<···<iℓ≤c
γi1 ∧ · · · ∧ γiℓ ∧
(
iW iℓ · · · iW i1η0
) (Xa+1, . . . ,Xb) =
= iW b · · · iW a+1η0 = 1
from (21) for η0. We conclude that η is a tangent volume form of the twisted product. Recall that the
pairing PM can be defined using this form η (cf. Proposition 4.3.2 (a)).
(a) Poincare´ Duality.
Consider now two complementary perversities p and q on dimK ×H Rn. The induced perversities p
and q on Rn are also two complementary perversities. Let us see that, for each stratum S ∈ SFRn , we
have:
p(S) + q(S) = p(K ×H S) + q(K ×H S) = t(K ×H S) =
= dimK ×H Rn − dimK ×H S − dimGK×HS − 2 =
= dimRn − dimS − dim(G ∩H)S − 2 = t(S).
By hypothesis the pairing PRn : IH
∗
p
(Rn/FRn) × IHℓRn−∗q,c (Rn/FRn) → R is non degenerate. Since η0 is
H-invariant then the pairing PRn :
(
IH
∗
p
(Rn/FRn)
)H×(IHℓRn−∗
q,c
(Rn/FRn)
)H → R is also non degenerate.
On the other hand, it is clear that the pairing P :
∧∗(γc+1, . . . , γf )×∧f−c−∗(γc+1, . . . , γf ) −→ R, defined
by
P (γi1 ∧ · · · ∧ γiu , γj1 ∧ · · · ∧ γjf−c−u) =
∫
K/H
γi1 ∧ · · · ∧ γiu ∧ γj1 ∧ · · · ∧ γjf−c−u
is non degenerate. Notice the equality ℓK×HRn = f + a+ n− c− b = ℓRn + f − c.
We prove that the pairing PK×HRn : IH
∗
p
(K ×H Rn)×IH
ℓK×HR
n−∗
q,c
(K ×H Rn) −→ R is not degenerate.
We know, from Proposition 3.8.4, that this is the case if the following diagram commutes (up to a sign):(∧∗(γc+1, . . . , γf )⊗ (IH∗p(Rn/FRn))H)×(∧f−c−∗(γc+1, . . . , γf )⊗ (IHℓRn−∗p (Rn/FRn))H) P⊗PRn−−−−−→ R
∇−∗×∇−∗
y Identityy
IH
∗
p
(K ×H Rn)× IH
ℓK×HR
n−∗
q,c
(K ×H Rn)
PK×HRn−−−−−−→ R
Let us see that. For each [α] ∈
(
IH
i
p
(Rn/FRn)
)H
and each [β] ∈
(
IH
ℓ0−i
p
(Rn/FRn)
)H
, we have, for degree
reasons,
PK×HRn(∇−1 ×∇−1)(γi1 ∧ · · · ∧ γiu ⊗ [α], γj1 ∧ · · · ∧ γjf−c−u ⊗ [β]) =∫
K×HRn
R−∗(γi1 ∧ · · · ∧ γiu ∧ α ∧ γj1 ∧ · · · ∧ γjf−c−u ∧ β ∧ γ1 ∧ · · · ∧ γa ∧ η0) =∫
K×Rn
γi1 ∧ · · · ∧ γiu ∧ α ∧ γj1 ∧ · · · ∧ γjf−c−u ∧ β ∧ γ1 ∧ · · · ∧ γa ∧ η0 ∧ γa+1 ∧ · · · ∧ γc =∫
K
γ1 ∧ · · · ∧ γc ∧ γi1 ∧ · · · ∧ γiu ∧ γj1 ∧ · · · ∧ γjf−c−u ·
∫
Rn
α ∧ β ∧ η0 =
P (γi1 ∧ · · · ∧ γiu , γj1 ∧ · · · ∧ γjf−c−u) · PRn([α], [β]) =
(P ⊗ PRn)(γi1 ∧ · · · ∧ γiu ⊗ [α], γj1 ∧ · · · ∧ γjf−c−u ⊗ [β]),
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up to a sign. ♣
We study now the Poincare´ Duality of the tubular neighborhoods of the strata of SF (cf. 2.3).
Consider (T, τ, S,Rn) a K-invariant tubular neighborhood of a singular stratum S, where K is a tamer
group of G with K = G. Put (Rn,FRn) the slice of the tubular neighborhood. The foliation FRn is
defined by an effective tame action Θ: (GS)0 × Rn → Rn. We fix {u1, . . . , ub} a basis of g and suppose
that {ua+1, . . . ub} is a basis of of the Lie algebra of GS .
Proposition 4.3.5 Under the above conditions, if the BIC of the slice (Rn,FRn) verifies the Poincare´
Duality then the BIC of the tube (T,F) also verifies the Poincare´ Duality
Proof. The proof of the Proposition is the same of that of the Proposition 4.2.1 by changing
A(T,F) = “The BIC IH∗
p
(T/F) is finite dimensional for each perversity p.”
by
A(T,F) = “The pairing PT : IH∗p(T/F) −→ IH
ℓ−∗
q
(T/F) is non degenerate,
for any two complementary perversities p and q.”
We consider the orbit type stratification of S induced by the action ΦS : K×S → S of Φ. We proceed
by induction on the depth of this stratification. By using the Mayer-Vietoris technics of 3.6 and 3.7 we
can suppose that ΦS defines a fiber bundle π : S → S/K whose fiber is K/H. Considering a good covering
of S/K, the Mayer-Vietoris procedure leads us to the case S/K = point, that is, to the case where T is
the twisted product K ×H Rn. Here, we apply the Proposition 4.3.4. ♣
The second main result of this section is the following
Theorem 4.3.6 The BIC of the foliation determined by an isometric action of an abelian Lie group on
an oriented compact manifold verifies the Poincare´ Duality.
Proof. In fact, we prove the result for a foliation F determined by a tame action Φ: G×M →M on an
oriented manifold not necessarily compact. We can suppose that G is connected and that the action Φ
is an effective one. We fix K a tamer group where G is dense.
The proof of the Proposition is the same of that of the Theorem 4.2.2 by changing
A(M,F) = “The BIC IH∗
p
(M/F) is finite dimensional for each perversity p.”
by
A(M,F) = “The pairing PT : IH∗p(M/F) −→ IH
ℓ−∗
q
(M/F) is non degenerate,
for any two complementary perversities p and q.”
By using the Mayer-Vietors technics of 3.6, 3.7 and the Proposition 4.3.5 we reduce the problem
to prove A(Rn,FRn), where (Rn,FRn) ≡
(
cSn−1, cGS
)
is a slice of a tubular neighborhood of a singular
stratum S of SF . In other words, we need to prove that the pairing
PRn : IH
∗
p
(Rn/FRn)× IHℓRn−∗q,c (Rn/FRn) −→ R,
is non degenerate.
From Propositions 3.5.1, 3.5.2, 3.7.1 and 3.7.2 we have
IH
i
p
(Rn/FRn) =
 IH
i
p
(
Sn−1/GS
)
if i ≤ p(ϑ)
0 if i ≥ p(ϑ) + 1
(23)
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and
IH
ℓRn−i
q,c
(Rn/FRn) =
 0 if i ≥ ℓRn − q({ϑ}) − 1IHℓRn−i−1
q
(
Sn−1/GS
)
if i ≤ ℓRn − q({ϑ}) − 2.
Since p and q are complementary perversities on Rn then we have:
p({ϑ}) + q({ϑ}) = t({ϑ}) = n− dimFRn − 2 = n− dimGS − 2 = ℓSn−1 − 1 = ℓRn − 2.
These formulæ give:
(24) IH
ℓRn−i
q,c
(Rn/FRn) =
 0 if i ≥ p({ϑ}) + 1IHℓSn−1−i
q
(
Sn−1/GS
)
if ≤ p({ϑ}).
Now, an argument on the depth of SF gives the property A(Rn,FRn) from these three facts
(i) A(Sn−1,GS).
(ii) The pairing PRn becomes the pairing PSn−1 through the isomorphism induced by (23) and (24).
The operator ℵ23 : IH∗p
(
Sn−1/GS
)→ IH∗
p
(
cSn−1/cGS
)
defining (23) is ℵ23([α]) = [α]; the
operator ℵ24 : IH∗q
(
Sn−1/GS
) → IH∗
q,c
(
cSn−1/GS
)
defining (24) is ℵ24([β]) = [g dt ∧ β].
Since the action of Θ lies on Sn−1 then we can take a common tangent volume form
η for FRn and GS (cf. proof of Proposition 4.3.2). Now, for [α] ∈ IH ip
(
Sn−1/GS
)
and
[β] ∈ IHℓSn−1−i
q,c
(
Sn−1/GS
)
we have
PRn(ℵ23[α],ℵ24[β]) =
∫
Rn×RF
Sn−1
×]0,1[
α ∧ g ∧ dt ∧ β ∧ η =
=
(∫
RF
Sn−1
α ∧ β ∧ η
)(∫ 1
0
gdt
)
= PSn−1([α], [β]).
(iii) The perversities p and q are complementary on Sn−1.
We have, for any stratum S ∈ SG the equalities p(S)+q(S) = p(S×]0, 1[)+q(S×]0, 1[) =
t(S×]0, 1[) = codim Rn FRn−codim S×]0,1[(FS×I)−2 = codim Sn−1 GS−codim S FS−2 =
t(S).
Hau amaia da. ♣
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